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Abstract. We address, in the context of time series, the problem of
learning a summary causal graph from observations through a model with
independent and additive noise. The main algorithm we propose is a hy-
brid method that combines the well-known constraint-based framework
for causal graph discovery and the noise-based framework that gained
much attention in recent years. Our method is divided into two steps.
First, it uses a noise-based procedure to find the potential causes of each
time series. Then, it uses a constraint-based approach to prune all un-
necessary causes. A major contribution of this study is to extend the
standard causation entropy measure to time series to handle lags bigger
than one time step, and to rely on a lighter version of the faithfulness
hypothesis, namely the adjacency faithfulness. Experiments conducted
on both simulated and real-world time series show that our approach is
fast and robust wrt to different causal structures and yields good results
over all datasets, whereas previously proposed approaches tend to yield
good results on only few datasets.

Keywords: Causal graph discovery · noise-based approach · constraint-
based approach · time series.

1 Introduction

Identifying causal structure from observational data is an important but also
challenging task in many applications. Most causal graph discovery algorithms
assume that causal relations can be described within causal graphs, where arrows
encode causal information. For time series, the true complete causal graph G =
(V,E) with V the set of vertices and E the set of edges, is called a full time causal
graph and represents a complete graph of the dynamic system, through infinite
vertices. In practice, inferring an infinite graph is unfeasible, so most algorithms
assume that causal relations are consistent throughout time, i.e. for two time
series Xp and Xq, if Xp

t−i causes Xq
t , denoted Xp

t−i → Xq
t , then Xp

t−i−j → Xq
t−j

for all j. Under this assumption, and given the maximal lag τ between cause
and effect that can be present in the system, the full time causal graph can be
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Fig. 1: Different causal graphs that one can infer from two time series X1 and X2:
full time causal graph (a), window causal graph of size τ = 2 (b) and summary
causal graph (c).

contracted to give a finite graph which we call window causal graph, with τ + 1
nodes for each time series [15]. However, sometimes, in practice, knowing only
the causes of a given time series without necessarily knowing the time delay
between the cause and the effect is all we need, so the true complete graph
of the system is compressed even more via the so-called summary graph which
represents causal relations between time series without referencing to lags [12].
Those notions are illustrated in Figure 1. Algorithms that detect causal relations
can be classified according to the type of graph they look for.

Whatever the type of graph, the algorithms in question rely also on additional
assumptions. The Causal Markov Condition states that in a causal graph, each
node is independent of all other nodes given its parents, except its children [17].
The causal sufficiency states that there are no hidden common causes. One of the
best known approach for causal discovery methods is the constraint-based ap-
proach that relies on conditional independencies and assume faithfulness, which
states that the joint distribution P over V is faithful to the true causal Directed
Acyclic Graph (DAG) G over V in the sense that every conditional independence
statement satisfied by P is entailed by G [17].

Our contribution is two-fold. We introduce a new measure of dependence
between two time series called the temporal causation entropy, which is an ex-
tension of the standard causation entropy measure [18] to time series to handle
instantaneous relations and lags bigger than one. Based on it, we develop an
algorithm to infer a summary causal graph from observational time series that
is not limited to the Markov equivalent class even for instantaneous relations
(which are common in practice due to the discretization of the time), that as-
sumes causal Markov condition and a weaker version of faithfulness described in
Section 3.1, and which is proved to be complete. The algorithm we propose is
hybrid in the sense that it combines two different families of causal graph dis-
covery methods: the noise-based family to find the potential causes of each time
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series and the constraint-based family to prune all unnecessary causes by looking
at possible confounders and therefore end-up with only genuine cause. Remark-
ably, this is to our knowledge the first algorithm hybrid between constraint-based
and noise-based methods for time series. Our evaluation, conducted on several
datasets, illustrates the efficacy and efficiency of our approach.

The remainder of the paper is organized as follows: Section 2 describes re-
lated work. Section 3 then introduces the main causal discovery algorithm, called
NBCB for Noise-Based / Constraint-Based approach. It relies on weak assump-
tions that are reminded first, and on the temporal causation entropy that is
also introduced. The causal graph discovery algorithm we propose is illustrated
and evaluated on several datasets in Section 4. Finally, Section 5 concludes the
paper.

2 State of the Art

Granger Causality is one of the oldest methods proposed to detect causal rela-
tions between time series. However, this approach is known to handle a restricted
version of causality that focuses on causal priorities as it assumes that the past
of a cause is necessary and sufficient for optimally forecasting its effect [5]. The
simplicity constitutes its advantage but also its limitations: for instance, it can-
not deal with instantaneous effects. More recently, [11] exploited deep learning to
learn causal relations between time series using an attention mechanism within
convolutional networks. It infers a potential set of causes by analysing the es-
timated coefficients and then applies a validation step that is to some extent
comparable to conditional Granger causality. However, in our experiments, we
observe particularly bad results for TCDF.

Constraint-based approaches for time series are usually extended from causal
graph discovery algorithm for nontemporal data. The main idea is to eliminate
potential causes by finding conditional independencies in the data. The PC al-
gorithm [17] is known to be the representative of this family of methods in case
of i.i.d. data, which optimize the search of the smallest conditioning set needed
to achieve separation between each pair of nodes. PCMCI [15] is an extension of
PC for time series where a window causal graph is constructed, using temporal
priority constraint to reduce the search space of the causal structure. oCSE [18]
takes a different procedure compared to PC: instead of limiting as much as pos-
sible the size of its conditioning set, it conditions since the start on all potential
causes which constitute the past of all available nodes. However, it limits its
search for causal relations with a lag of one to find a summary graph . These
methods usually assume causal Markov condition and faithfulness. Moreover, in
general, graphs can only be recovered up to Markov equivalence3 classes. In the
context of time series, the notion of time can make such algorithms go beyond
the Markov equivalence class but only for lagged relations [15], i.e. instantaneous
relations are always limited to the Markov equivalence class.

3 Two DAGs are Markov equivalent if and only if they have the same skeleton and
the same v-structures [19]
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Lastly, noise-based methods assume that the causal system can be defined
by a set of equations that explain each variable by its direct causes and an
additional noise. Causal relations are in this case discovered using footprints
produced by the causal asymmetry in the data. For time series, the most well
known algorithms in this family are tsLiNGAM [7], which is an extension of
LiNGAM through autoregressive models, and TiMINo [12], which discovers a
causal relationship by looking at independence between the noise and the po-
tential causes. However, self-causation is not discovered within TiMINo, and the
summary graph is assumed to be acyclic. These methods usually assume causal
Markov condition and causal minimality, which is a weaker assumption than
faithfulness. The main drawbacks are that such methods usually do not scale
well [4] and might need a large sample size to achieve good performance [8].

The method we propose, as an hybrid method, takes benefit of the two ap-
proaches: it is not limited to a Markov equivalence class and provides a specific
graph, scales better and needs a smaller sample size.

3 Causal graph discovery between two time series

Let us consider d univariate time series X1, · · · , Xd. Our goal is to find a sum-
mary causal graph between them, as represented in Fig. 1(c).

3.1 Assumptions

The faithfulness assumption is difficult to check in practice, and it has been
debated for a long time. It assumes that there are no accidental conditional
independence relations in the true distribution, that is, no conditional indepen-
dence relations unless entailed by the true causal structure. The faithfulness
assumption is mainly used in constraint-based methods, where it is used at two
different stages, skeleton construction and edge orientation. As such, it can be
decomposed into two assumptions, as proposed in [14], namely adjacency faith-
fulness and orientation faithfulness. As the orientation process we rely on differs
from the one used in PC-like algorithms, we dispense here with the second as-
sumption and solely rely on adjacency faithfulness, which is defined as follows:

Definition 1 (Adjacency faithfulness [14]). For every Xp, Xq ∈ V , if Xp

and Xq are adjacent in G, then they are not conditionally independent given any
subset of V \{Xp, Xq}.

As shown in [14], the relaxation of the faithfulness assumption still leads to
provably correct skeletons.

Finally, the approach we propose discovers causal relations from time series
under the causal Markov condition, the causal minimality condition (needed in
the causal ordering, when using the noise-based method) and adjacency faithful-
ness (needed in the pruning step, when using the constraint-based method). We
also assume that time series satisfy a causal ordering, meaning that we assume
that the summary graph is acyclic. The inferred summary graph can however be
cyclic, as opposed to [12], with loops between at least 3 time series.
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3.2 Method

Our approach is a hybrid method which is decomposed into two parts. The
first part, a noise-based approach, is described in Algorithm 1. It is based on
a Gaussian process to map the past of the time series to the present, and a
dependency measure between its input and its residuals to infer which time
series potentially causes the other. The second part, a constraint-based approach,
is described in Algorithm 2. It prunes the graph being constructed to remove
spurious causes by considering the set of potential parents.The two parts are
detailed below.

Causal ordering. The first step relies on noise-based approaches, which were
initially introduced for i.i.d. data. However, they gained much attention in recent
years [6, 9, 10, 1], and have also been extended for time series [12].

In this paper, we focus on Additive Noise Models (ANMs), which are defined
as follows:

Xq
t = f ([Par(Xq

t )t′ ]t−τ≤t′≤t) + ξqt (1)

where f is a potentially nonlinear function, Par(Xq
t )t′ is the set of parents of

Xq
t at time-point t′, (ξqt )q,t are jointly independent; futhermore, for each q, ξqt

are identically distributed in t and the finite dimensional distributions for the
time series (Xq)1≤q≤d are absolutely continuous wrt a product measure. Note
that this model allows instantaneous relations. ANMs belong to the Identifiable
Functional Model Class (IFMOC) [13], even in case of non-faithful causal models,
for which conditional independence-based methods, as constraint-based, usually
fail [13].

Similarly to the bivariate case [6, 10], the independence between the signal
and the residuals allows one to detect the most probable cause from a set of
variables through the following principle.

Principle 1 (Multivariate additive noise principle) Suppose we are given
a joint distribution P (X1, · · · , Xd). If it satisfies an identifiable Additive Noise
Model such that {(Xp

t−j)1≤p 6=q≤d,0≤j≤τ , (X
q
t−j)1≤j≤τ} → Xq, then it is likely

that {(Xp
t−j)1≤p6=q≤d,0≤j≤τ , (X

q
t−j)1≤j≤τ} precedes Xq in the causal order.

Similarly to [10], when considering a suitable regression estimator and a suit-
able dependency estimator, the true causal order will be inferred. If we consider
the fully connected graph given by this causal ordering (an edge between each
node and its parents), it leads to a graph that contains the real graph as all true
causal relations are in the inferred graph.

In practice, we first estimate for all q ∈ {1, . . . , d},

fq : {(Xp
t−j)1≤p 6=q≤d,0≤j≤τ , (X

q
t−j)1≤j≤τ} 7→ Xq

t

by a Gaussian Process and deduce the residuals

ξ̂qt = Xq
t − f̂{(X

p
t−j)1≤p 6=q≤d,0≤j≤τ , (X

q
t−j)1≤j≤τ}.
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Algorithm 1: NBCB Part I: noise-based approach to order causes

Result: G
X a d-dimensional time series, τ a window size;

G an empty graph with nodes {X1, . . . , Xd}; S = {1, . . . , d};
while length(S) > 1 do

for j ∈ S do

Learn f̂ j : {(Xp
t−j)p∈S,p 6=q,0≤j≤τ , (X

q
t−j)1≤j≤τ} 7→ Xj

t ;

Deduce ξ̂jt and compute;
cj from Eq. (2)

Choose j∗ = argmin cj ;
S = S\j∗;
for s ∈ S do

Add Xs → Xj∗ in G;

The last place in the causal ordering (which belongs to the most probable effect
of all other time series) is given to the time series which yields the residuals
that are more independent to the other time series. The dependency between
the residuals and the input is estimated with

cq = C
(
{(Xp

t−j)1≤p 6=q≤d,0≤j≤τ , (X
q
t−j)1≤j≤τ}, ξ̂

q
t

)
, (2)

where C is a dependence measure4.
However, this method is not capable to detect independence between two

time series, and thus it is susceptible to treat indirect causes as direct causes. To
remove indirect causes or detect independencies, we complement this procedure
with a second step that prunes spurious relations from the graph. It necessitates
an exact estimation of the lag between two time series (through a maximum
window of size τ).

Since this procedure uses a regression function estimator, it is subject to the
curse of dimensionality when d is large compared to n. So we also consider a
pairwise version of the procedure which consists on estimating for each pair of
time series Xq, Xp two regression functions

fq : {(Xp
t−j)0≤j≤τ , (X

q
t−j)1≤j≤τ} 7→ Xq

t ,

fp : {(Xq
t−j)0≤j≤τ , (X

p
t−j)1≤j≤τ} 7→ Xp

t .

We then compare the dependency of the residuals of those two functions with
their inputs, and as before the potential cause is the one that is mapped by the
function that yields the higher dependency, i.e. we choose the causal direction
that yields the best bivariate ANM. While one cannot prove that the inferred
graph contains the real one, numerical experiments show good performances for
this method.
4 As motivated in [12], we use the partial correlation to measure the dependence, but

one can use our procedure with any measure.
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Fig. 2: Wrong causal relations potentially inferred in the first step of our algo-
rithm. Dashed lines represents wrong causal relations. On the left, we show a
spurious cause, whereas on the middle and on the right, we provide two indirect
causes.

Pruning using temporal causation entropy. Knowing the list of potential
parents of each time series, as detected in the previous step, one way to prune the
causes that are not genuine is to conduct conditional independence tests between
time series. Indeed, suppose Xp is a potential cause of Xq but Xp and Xq are
conditionally independent, as illustrated in Figure 2. Then, we can conclude that
Xp is not a cause of Xq.

In order to capture the dependencies (and conditional dependencies) between
two time series, one needs to take into account the lag between them, as the true
causal relations might not be instantaneous. Several studies have acknowledged
the importance of taking into account lags to measure (conditional) dependencies
between time series [5, 18]. Causation entropy, introduced in [18], is an asym-
metric measure that detects the uncertainty reduction of the future states of Xq

as a result of knowing the past states of Xp given that the past of XR is already
known, where R is a subset of {1, · · · , d}. However, it only considers causation
with a lag of size one, whereas it can take any values in practice.

In addition to lags, a window-based representation may be necessary to fully
capture the dependencies between the two time series. So it may be convenient
to consider them together when assessing whether the time series are dependent
or not. We thus introduce the temporal causation entropy, that extends the
causation entropy to general lags and window representation of time series.

Definition 2 (Temporal causation entropy). We first define the optimal
lag γpq between time series Xp and Xq and (λpq, λqp) the optimal windows of
time series Xp regarding Xq and of time series Xq regarding Xp respectively as:

γpq, λpq, λqp = argmax
γ≥0,λ1,λ2

h(Xq
t:t+λ2

| Xq
t−1, X

p
t−γ−1))

− h(Xq
t:t+λ2

| Xp
t−γ−1:t−γ+λ1

, Xq
t−1),

where h denotes the entropy. The temporal causation entropy from time series
Xp to time series Xq conditioned on a set XR = {Xr1 , · · · , XrK} is given by:

TCE(Xp → Xq | XR) = min
Γri≥0, 1≤i≤K

h(Xq
t:t+λqp

| (Xri
t−Γpq|ri

)1≤i≤K , X
q
t−1, X

p
t−γpq−1))

− h(Xq
t:t+λqp

| (Xri
t−Γpq|ri

)1≤i≤K , X
p
t−γpq−1:t−γpq+λpq , X

q
t−1),
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Algorithm 2: NBCB part II: constraint-based approach for pruning

Result: G
X d-dimensional time series, α a significance threshold, G a causal graph;
n = 0;
while there exists Xq ∈ V such that card(Par(Xq,G)) ≥ n+ 1 do

D = list();
for Xq ∈ V such that card(Par(Xq,G)) ≥ n+ 1 do

for Xp ∈ Par(Xq,G), XR ⊂ Par(Xq,G) \ {Xp} with card(XR) = n do
yq,p,R = TCE(Xp;Xq | XR);

append(D, {Xq, Xp, XR}));

Sort D by increasing order of y;
while D is not empty do
{Xq, Xp, XR} = pop(D);

if Xp ∈ Par(Xq,G) and XR ⊂ Par(Xq,G) then
Compute z the p-value given by Eq. (3);
if z > α then

Remove edge Xp → Xq from G;

n=n+1;

where Γpq|r1 , · · · , Γpq|rK are the lags between XR and Xq.

First, the lag between Xp and Xq is detected by maximizing the dependency
between Xp and Xq. As we measure the amount of information brought by the
observations of one variable on the observations of another variable, taking the
maximum ensures that one does not miss any possible information contribut-
ing to relating the two time series. In a second step, we find the lags between
(Xp, Xq) and XR that minimize the conditional dependency between Xp and
Xq conditioned on XR. Taking the minimum ensures that we search for the lags
that break the maximal dependence. Following the temporal priority principle,
which states that causes precede their effects in time, we also ensure while find-
ing only nonnegative lags that Xp as well as the conditional variables should
precede in time Xq. If γ = 1 and λpq = λqp = 1, then the temporal causation
entropy is equivalent to causation entropy when the latter is conditioned on the
past.

In practice, the success of temporal causation entropy (and in fact, any
entropy-based approaches) depends crucially on reliable estimation of the rel-
evant entropies from data. This leads to two practical challenges. The first one
is based on the fact that entropies must be estimated from finite time series
data. To do so, we rely here on the k-NN estimator introduced in [3]. We denote
by εik/2 the distance from

(Xp
t−γpq :t−γpq+λpq , X

q
t:t+λpq

, ((Xri
t−Γpq|ri

)1≤i≤K , X
q
t−1, X

p
t−γpq ))
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to its k-th neighbor, n1,3i , n2,3i and n3i the numbers of points with distance strictly
smaller than εik/2 in the subspace

(Xp
t−γpq :t−γpq+λpq , ((X

ri
t−Γpq|ri

)1≤i≤K , X
q
t−1, X

p
t−γpq )),

(Xq
t:t+λpq

, ((Xri
t−Γpq|ri

)1≤i≤K , , X
q
t−1, X

p
t−γpq ))

and
((Xri

t−Γpq|ri
)1≤i≤K , X

q
t−1, X

p
t−γpq )

respectively, and nγr,p,γr,q the number of observations. The estimate of the tem-
poral causation entropy is then given by:

T̂CE(Xp → Xq | XR) = ψ(k) +
1

nγr,p,γr,q

nγr,p,γr,q∑
i=1

ψ(n3i )− ψ(n1,3i )− ψ(n2,3i )

where ψ denotes the digamma function. The second problem is the following: to
detect independence, we need a statistical test to check if the temporal causation
entropy is equal to zero. We rely here on a permutation test:

Definition 3 (Permutation test of TCE). Given Xp, Xq and XR, the p-
value associated to the permutation test of TCE is given by:

p =
1

B

B∑
b=1

1
T̂CE(b(Xp)→Xq|XR)≥T̂CE(Xp→Xq|XR)

, (3)

where b(Xp) is a permuted version of Xp, 1 denotes the indicator function and
B the maximum number of bootstrap sampling.

The method, detailed in Algorithm 2, can be summarized as follows. Starting
with a fully directed graph (with one sided edges coming from a causal ordering),
the first step consists in removing edges between nodes that are unconditionally
independent: for each pair of nodes, a test of TCE is computed an edge is re-
moved if the dependency, measured by TCE, is not significant given a threshold
α. Once this is done, the algorithm checks, for the remaining oriented edges,
whether two time series are conditionally independent or not given a set of par-
ents of the arrow side node: in the first iteration the set of parents is of size
one and then it gradually increases until either the edge between Xp and Xq

is removed or all subsets of parents of Xq have been considered. Note that we
make use of the same strategy as the one used in PC-stable [2], which consists
in sorting time series according to their TCE scores and, when an independence
is detected, removing all other occurrences of the time series. This leads to an
order-independent procedure.

The following theorem states that the graph obtained by the above procedure
is the true one.

Theorem 4. Given the true ordering of the causal process, Algorithm 2 is com-
plete.
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Proof. Similarly to PC, Algorithm 2 prunes all unnecessary edges by removing
edges that are conditionally independent given a subset S. Thanks to the causal
order, the possible subsets space is reduced. By removing all links that are con-
ditionally independent, by causal Markov condition, adjacency faithfulness and
causal sufficiency, we are left with links that are directly causal and which are
oriented wrt causal ordering.

Self causes Finally, given the graph G inferred with the above procedure, one
can verify for each node Xq in G if it is self causal by checking if there exists a
γ > 0 such that for all t, Xq

t 6 |= X
q
t−γ | Par(Xq) in G.

3.3 Complexity analysis

Our proposed methods benefit from a smaller number of tests compared to
constraint-based methods that infer the full temporal graph. In the worst case,
the complexity of PC in a temporal graph is bounded by:

(d · τ)2(d · τ − 1)k−1

(k − 1)!

where k represents the maximal degree of any vertex and each operation consists
in conducting significance test to a conditional independence measure. Algo-
rithms more adapted to time series, such as PCMCI [15], use the notion of time
to reduce the number of tests. In those cases, the complexity would be divided
by 2 (if instantaneous relations are not taken into account). NBCB is inferring
a summary graph, which limits the number of decisions that need to be taken.
NBCB’s complexity in the worst case (when all relations are instantaneous) is
bounded by:

d2.f(n, d) +
d2(d− 1)k−1

(k − 1)!

where f(n, d) is the complexity of the user-specific regression method.

4 Experiments

To illustrate the behavior of our method, we test it on several artificial and real
datasets.

NBCB5 and its pairwise version denoted pwNBCB are fitting a Gaussian
Process with zero mean and squared exponential covariance function. The hyper-
parameters are automatically chosen by marginal likelihood optimization.

We compare NBCB with seven state-of-the-art methods: the constraint-based
methods PCMCI6 [15], where two variations of PCMCI are considered, varying

5 Python code available at https://github.com/kassaad/causal_discovery_for_

time_series
6 Python code available at https://github.com/jakobrunge/tigramite
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Table 1: Structures of simulated data.

Pair Pair-sc Fork V-structure Mediator Diamond

X1

X2

X1

X2

X1

X2

X3

X1

X2

X3

X1

X2

X3

X1

X2 X3

X4

the measure of independence between the mutual information for PCMCI-MI
and the linear partial correlation for PCMCI-PC, and oCSE7 [18]; the noise-
based methods TiMINo8 [12] with the linear time series model and VarLiNGAM9

[7] where the regularization parameter in the adaptive Lasso is selected using
BIC; the multivariate version of Granger Causality denoted GC10 [5] and the
Neural Network based method TCDF11 [11] with default hyperparameters as
introduced in the original paper. For all the methods, the best time lag is de-
termined with the Akaike Information Criterion, the window size is set to τ = 5
and the significant threshold for hypothesis testing to α = 0.05.

In the different experimental settings, we compare the results wrt the F1-
score denoted F1 of the orientations in the graph obtained without considering
self causes, as it is treated differently depending on the methods.

4.1 Simulated data

We first test our method on simulated data generated from five different causal
structures (pair, fork, V-structure, mediator, diamond) presented in Table 1. We
distinguish pairs when the time series are self caused (Pair-sc) or not (Pair). For
each benchmark, we generate randomly 10 data sets with 1000 observations. The
data generating process is the following: for all q, Xq

0 = 0 and for all t > 0,

Xq
t = aqqt−1X

q
t−1 +

∑
(p,γ)

X
p
t−γ∈Par(X

q
t )

apqt−γf(Xp
t−γ) + 0.1ξqt ,

where γ ≥ 0, ajqt are random coefficients chosen uniformly in U([−1;−0.1] ∪
[0.1; 1]) for all 1 ≤ j ≤ d, ξqt ∼ N (0,

√
15) and f is a non linear function chosen

at random uniformly between absolute value, tanh, sine, cosine. Two scenarios

7 Python code available at https://github.com/kassaad/causal_discovery_for_

time_series
8 R code available at http://web.math.ku.dk/~peters/code.html
9 Python code available at https://github.com/cdt15/lingam

10 Matlab code available at https://github.com/SacklerCentre/MVGC1
11 Python code available at https://github.com/M-Nauta/TCDF
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Table 2: Results obtained on the simulated data for the different structures with
1000 observations. We report the mean and the standard deviation of the F1
score. The best results are in bold.

Pair Pair-sc V-struct Fork Mediator Diamond

NBCB 0.7± 0.46 0.7± 0.46 0.67± 0.28 0.67± 0.38 0.66± 0.32 0.71± 0.16
pwNBCB 0.7± 0.46 0.7± 0.46 0.75± 0.18 0.67± 0.38 0.7± 0.30 0.83± 0.12

PCMCI-PC 0.57± 0.47 0.6± 0.49 0.61± 0.33 0.53± 0.39 0.75± 0.24 0.63± 0.26
PCMCI-MI 0.9± 0.16 0.8± 0.4 0.67± 0.37 0.78± 0.17 0.84± 0.09 0.82± 0.16

oCSE 1.0± 0.0 1.0± 0.0 0.90± 0.16 0.8± 0.12 0.95± 0.08 0.88± 0.09
TiMINo 0.57± 0.49 0.5± 0.5 0.65± 0.37 0.52± 0.44 0.80± 0.19 0.60± 0.25

VarLiNGAM 0.54± 0.49 0.5± 0.5 0.0± 0.0 0.0± 0.0 0.0± 0.0 0.03± 0.08
GC 0.67± 0.44 0.4± 0.49 0.37± 0.25 0.44± 0.38 0.83± 0.22 0.66± 0.26

TCDF 0.0± 0.0 0.1± 0.3 0.13± 0.26 0.26± 0.32 0.05± 0.15 0.16± 0.19

are considered: all the coefficients are random, or some coefficients are fixed to
not be faithful to the true causal graph. Results are summarized in Table 2 for
faithful data and in Table 3 for unfaithful data.

From Table 2, one can note that methods from the constraint-based family
consistently outperform all other methods. However, our proposed algorithm is
able to compete against pure constraint-based approaches. Specifically for the
fork structure, the pairwise version outperforms all other methods, and for the
others structures it performs better than most of the methods. When pwNBCB
outperforms NBCB, one can expect that a larger sample size would improve the
performance for NBCB, as the bivariate analysis is seen as a lower dimensional
proxy of the full regression model. Furthermore, the similarity of results of our
methods obtained by the F1 scores regarding to the structures illustrates the
stability of our method. VarLINGAM performs particularly bad, but all the as-
sumptions are violated in this design (Gaussian noise, non linearity). TCDF has
also bad performances, whereas Granger Causality is surprisingly good, partic-
ularly for Mediator.

In Table 3 we consider two unfaithful datasets. The first one is a mediator,
where a13 = −a12a23, without self cause, and all relations are instantaneous.
Following [20], the second dataset is a linear unfaithful diamond without self
causes, where we set the coefficient a34 = −a12a23/a13 and all relations are
instantaneous. From Table 3, we can see that PCMCI and oCSE perform poorly
for unfaithful data, as expected. VarLINGAM has still bad results, again due
to the simulation process. Our proposed algorithm comes out as one of the best
algorithms in terms of performance, and there is an improvement with the full
NBCB instead of its pairwise version.

Figure 3 provides an empirical illustration of the algorithmic complexity. We
compare NBCB to oCSE, PCMCI-MI and TiMINo on four structures (v-structure,
fork, mediator, diamond), sorted according to their number of nodes, their max-
imal out-degree and their maximal in-degree. The time is given in seconds. As
one can note, NBCB is always faster than oCSE and PCMCI-MI, the difference be-
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Fig. 3: Time computation (in second) for NBCB, oCSE and PCMCI-MI for four basic
causal structures (V-structure, Fork, Mediator, Diamond). We report the mean
and the standard deviation.

ing more important when the structure to be inferred is more complex. TiMINo
is faster than NBCB, because the vector autoregressive model has been used
instead of Gaussian process (there were not available in the online package) and
the pruning in TiMINo relies on the noise-based approach, so less steps have to
be considered. This illustrates again the trade-off between constraint-based and
noise-based approaches.

4.2 Real data

Three different real datasets are considered in this study. We detail the perfor-
mance of each method in the following paragraphs, but the results are summa-
rized in Table 4.

Temperature This bivariate time series12 of length 168 is about indoor X in

and outdoor Xout measurements. We expect that there is the following causal

12 Data is available at https://webdav.tuebingen.mpg.de/cause-effect/

Table 3: Results obtained on the unfaithful simulated data for the different struc-
tures with 1000 observations. We report the mean and the standard deviation
of the F1 score. The best results are in bold.

unfaith. Mediator unfaith. Diamond

NBCB 0.56± 0.26 0.5± 0.31
pwNBCB 0.46± 0.23 0.39± 0.22

PCMCI-PC 0.21± 0.21 0.19± 0.16
PCMCI-MI 0.05± 0.15 0.20± 0.22

oCSE 0.05± 0.15 0.08± 0.16
TiMINo 0.64± 0.08 0.49± 0.03

VarLiNGAM 0.0± 0.0 0.02± 0.06
GC 0.12± 0.27 0.14± 0.23

TCDF 0.4± 0.22 0.33± 0.17
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Table 4: Results for real datasets. We report the mean and the standard deviation
of the F1 score.

Temperature Diary FMRI

NBCB 1 0.8 0.40± 0.21
pwNBCB 1 0.8 0.39± 0.21

PCMCI-PC 1 0.5 0.29± 0.19
PCMCI-MI 1 0.5 0.22± 0.18

oCSE 1 0.8 0.16± 0.20
TiMINo 0 0.0 0.32± 0.11

VarLiNGAM 0 0.0 0.49± 0.28
GC 0.66 0.33 0.24± 0.18

TCDF 0 0.0 0.07± 0.13

link: Xout → X in. VarLiNGAM wrongly infers no causal relation, Granger infers
a bidirected arrow and TiMINo remains undecided. PCMCI-PC, PCMCI-MI,
oCSE, NBCB and NBCBk correctly infer Xout → X in.

Diary This dataset13 provides10 years (from 09/2008 to 12/2018) of monthly
prices for milk Xm, butter Xb and cheddar cheese Xc, so the three time series
are of length 124. We expect that the price of milk is a common cause of the
price of butter and the price of cheddar cheese: Xb ← Xm → Xc. VarLiNGAM
wrongly infers Xb as common cause of Xm and Xc, Granger wrongly infers
Xm ↔ Xb → Xc → Xm and TiMINo only infers one wrong causal relation
Xc → Xm. TCDF infers no causal relation. PCMCI-PC and PCMCI-MI wrongly
infer the causal chain Xc → Xm → Xb. oCSE, NBCB and pwNBCB correctly
infer the causal relations but also add a wrong causal Xc → Xb.

FMRI The last real-world dataset benchmark is about FMRI14 (Functional
Magnetic Resonance Imaging) that contains BOLD (Blood-oxygen-level depen-
dent) datasets[16] for 28 different underlying brain networks. It measures the
neural activity of different regions of interest in the brain based on the change of
blood flow. There are 50 regions in total, each with its own associated time se-
ries. Since not all existing methods can handle 50 time series, datasets with more
than 10 time series are excluded. In total we are left with 26 datasets containing
between 5 and 10 brain regions. NBCB and VarLINGAM clearly outperforms
other methods. All other methods are comparable, except TCDF which per-
forms very poorly. Interestingly, PCMCI-PC performs better than PCMCI-MI,
and VarLINGAM outperforms TiMINo which suggests the existence of linear
causal relations.

13 Data is available at http://future.aae.wisc.edu
14 Original data is available athttps://www.fmrib.ox.ac.uk/datasets/netsim/

index.html, a preprocessed version is available at https://github.com/M-Nauta/

TCDF/tree/master/data/fMRI
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5 Conclusion

We have addressed in this study the problem of learning a summary causal graph
on time series without being restricted to the Markov equivalent class even in
the case of instantaneous relations. To do so, we followed a hybrid strategy.
First we used a noise-based method to find the causal ordering between the
time series under the assumption of additive noise models. Second, we used a
constraint-based method to prune unnecessary parents and therefore ending up
with an oriented causal graph. The second step heavily relies on a new temporal
causation entropy measure that generalizes the causation entropy by removing
the restriction of one time lag. Experiments conducted on different benchmark
datasets and involving previous state-of-the-art proposals showed that the algo-
rithm we have introduced outperforms previous proposals. In particular, we have
illustrated and compared the behavior of our algorithm robustness wrt to differ-
ent causal structures which yielded good results over all datasets, particularly
on real ones.

In the future, we would like to test the method on large datasets, increasing
both the number of time series d and the number of timepoints n. In particular,
it would be interesting to study the quality of estimation in the regime d >> n.
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