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Abstract. We propose a continuous-time Markov-switching generalized
autoregressive conditional heteroskedasticity (COMS-GARCH) process
for handling irregularly spaced time series with multiple volatility states.
We employ a Gibbs sampler in the Bayesian framework to estimate the
COMS-GARCH model parameters, the latent state path and volatilities.
To improve the computational efficiency and robustness of the identified
state path and estimated volatilities, we propose a multi-path sampling
scheme and incorporate the Bernoulli noise injection in the computational
procedure. We provide theoretical justifications for the improved stability
and robustness with the Bernoulli noise injection through the concept
of ensemble learning and the low sensitivity of the objective function to
external perturbation in the time series. The experiment results demonstrate that our proposed COMS-GARCH process and computational
procedure are able to predict volatility regimes and volatilities in a time
series with satisfactory accuracy.
Keywords: Bernoulli noise injection · ensemble learning · Gibbs sampler
· irregularly (unevenly) spaced time series · maximum a posterior (MAP)
· stability and robustness
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Introduction

1.1 Motivation and Problem
Heteroskedasticity is a common issue in time series (TS) data. The generalized autoregressive conditional heteroskedasticity (GARCH) model is a popular
discrete-time TS model that accommodates heteroskeasticity and estimates the
underlying stochastic volatility. When there is variation in the presence of regime
changes in the volatility dynamics, the Markov-switching GARCH (MS-GARCH)
model can be employed and when collected TS data are irregularly spaced in
time, continuous-time GARCH (CO-GARCH) can be applied.
In practice, TS data may exhibit heteroskedasticity and multiple regimes and
are collected in irregularly spaced timepoints or on a near-continuous time scale.
For example, heart rate variability TS are typically recorded on a millisecond
scale and can have multiple volatility regimes corresponding to different activities
or stress levels. Seismic waves TS, used for studying the earth’s interior structure
and predicting earthquakes, consist of wave types of different magnitudes and
are recorded on a millisecond scale. Financial data are often irregularly spaced in
time due to weekend and holiday effects and known to exhibit different volatility
states, such as changing behavior drastically from steadily trending to extremely
volatile after a major event or news.
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To the best of our knowledge, there does not exist a MS-GARCH model
for irregularly spaced TS nor a CO-GARCH model to handle multiple states.
To fill the methodological gap and respond to the practical needs to handle
irregularly-spaced and multi-state TS data, we propose a new COMS-GARCH
process to analyze such data and develop a robust and efficient computational
procedure to identify multiple states and estimate volatilities.
1.2

Related Work

The GARCH process has been extensively studied [13, 25, 26, 28, 32]. [27] derives
the conditions under which the discretized-time GARCH model converges in
distribution to a bivariate non-degenerate diffusion process as the length of the
discrete-time intervals goes to zero. The fact that the limiting process consisting of
two independent Brownian motions (that drives the underlying volatility process
and the accumulated TS, respectively) contradicts the GARCH model’s intuition
that large volatilities are the feedback of large innovations. [10] applies different
parameterizations as a function of the discrete-time interval to GARCH(1, 1) and
obtained both degenerate and non-degenerate diffusion limits. [31] further shows
the asymptotic non-equivalence between the GARCH model and the continuoustime bivariate diffusion limit except for the degenerate case. [18] proposes a
COntinuous-time GARCH (CO-GARCH) model that replaces the Brownian
motions by a single Lévy process and incorporates the feedback mechanism by
modeling the squared innovation as the quadratic variation of the Lévy process.
For the inference of the CO-GARCH process, there exist quasi-likelihood [7],
method of moments (MoM) [18], pseudo-likelihood [20, 21] approaches, and
Markov chain Monte Carlo (MCMC) procedures [24].
Volatility predictions by GARCH-type models may fail to capture the true variation in the presence of regime changes in the volatility dynamics [3, 19, 23]. The
MS-GARCH model [14] solves this issue by employing a hidden discrete Markov
chain to assign a state to each timepoint. For the inference in the MS-GARCH
model, regular likelihood-based approaches require summing over exponentially
many possible paths and can be computationally unfeasible. Several alternatives
exist to deal with the problem. The collapsing procedures [11, 14, 16, 17] use
simplified versions of the MS-GARCH model and incorporate recombination
mechanisms of the state space. [15] proposes a new MS-GARCH model that is
analytically tractable and allows the derivation of stationarity condition and the
process properties. [2] employs a Markov Chain Expectation Maximization approach. [5] proposes a Bayesian MCMC method but it can be slow in convergence.
Recent methods focus on the efficient sampling of state paths. [12] introduces a
Viterbi-based technique to sample state paths; [4] proposes a particle MCMC
algorithm; [6] uses a multi-point sampler in combination with the forward filtering
backward sampling technique. Both the likelihood-based and MCMC estimations
have been implemented in software (e.g., R package MSGARCH [1]).
For multi-state irregularly-spaced TS, simple and model-free approaches such
as the realized volatility can be used to estimate the historical volatility, but
they cannot systematically identify different volatility states. In addition, it is
not always meaningful to aggregate measures across timepoints to calculate the
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realized volatilities. Though the existing MS-GARCH model can also be used
to identify different volatility regimens, it cannot analyze irregularly spaced TS.
This methodological gap motives our work.
1.3 Our Contribution
We propose a COMS-GARCH process, employing the Lévy process to model
volatility in each state and the continuous-time hidden Markov chain to model
state switching. The estimate volatilities via the COMS-GARCH process are
expected to be more robust than those obtained via the realized volatility, largely
due to the computational procedure we design specifically for the state path and
volatility estimation. Furthermore, the COMS-GARCH process can be used to
forecast volatilities and states. Other contributions are listed below.
– We propose a Bayesian Gibbs sampler to obtain inference of the COMS-GARCH
parameters and maximum a posterior (MAP) estimation for state path and
volatilities.
– We develop a computational procedure with a multi-path sampling scheme and
the Bernoulli noise injection (NI) to accelerate the optimization and improve
the robustness of the predicted state path and volatilities.
– We provide theoretical justifications for the Bernoulli NI from the perspectives
of ensemble learning of the state path and lowered sensitivity of the objective
function to small random external perturbation in the TS.
– We run experiments in both simulated and real TS data to demonstrate the
application of the COMS-GARCH procedures and the computational procedure
and to show satisfactory accuracy in predicting states and volatilities.

2

COMS-GARCH Process

We develop the COMS-GARCH process to handle multiple states, extending the
CO-GARCH(1,1) process [18, 20]. To the best of our knowledge, CO-GARCH(1, 1)
is the only Lévy-process driven CO-GARCH model that has analytical solutions
for the model parameters from the stochastic differential equations and is inferencecapable in the context of pseudo-likelihood. [9] theoretically analyzes the COGARCH(p, q) model driven by the Lévy process for general p and q values, but
unable to obtain inferences for the model parameters.
Let Gt for t ∈ (0, T ) denote the observed TS, L refer to the innovation
that is modeled by a Lévy process, st be the state {st } and σt2 is the underlying
volatility process at time t. Our proposed COMS-GARCH process on (G, σ 2 , S) =
({Gt }, {σt2 }, {st }) is the solution to the following set of stochastic differential
equations

dGt = Yt = σt dLt (st )
(1)



 dσ 2 = α(st )dt − β(st )σ 2 dt + λ(st )σ 2 d[L, L]t
(2)
t
t−
t−

Pr(st = j|st− = k) = ηjk dt + o(dt) for j 6= k
(3)


P

Pr(st = k|st− = k) = 1 − j6=k ηjk dt + o(dt).
(4)
2
, st− ) refers to the volatility and associated state
t− stands for t − dt and (σt−
at time t−. α, β, and λ in Eq (2) quantify how much the change in time (dt),
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the volatility at time t−, and the innovation at time t− affects the volatility,
respectively. The increment of the Lévy process dLt (st ) in Eq (1) is assumed
standardized with mean 0 and variance 1, and [L, L]t− in Eq (2) is its quadratic
variation process. Eqs (3) and (4) represent the hidden continuous-time Markov
chain with ν discrete states and transition parameters η = {ηjk } that model the
regime switching in the TS for j, k ∈ {1, · · · , ν} (note that ηjk in Eqs (7) and (8)
is not a probability, and the parameter space for ηjk is (0, ∞) instead of ∈ (0, 1)).
Next, we define a family of discrete-time processes that approximates the
above continuous-time process (G, σ 2 , S), following the methodological framework
in [20]. There are a couple of reasons for obtaining a discretized process. First,
real-life observed TS data are often recorded in discrete-time, whether irregularly
spaced or regardless of how fine the time scale is. Second, the discretization
allows us to take advantage of the well-developed inferential approaches for
discrete-time GARCH processes. We will show the discretized process converges
to the COMS-GARCH process.
The discretization is defined over a finite time interval [0, T ] for T > 0. Let
0 = t0 < t1 < · · · < ti < · · · < tn = T be a deterministic sequence that divides
[0, T ] into n sub-intervals of lengths ∆ti = ti − ti−1 for integers i = 1, . . . , n.
Let G0 = 0 and i be a first-jump approximation of the Lévy process [20]. A
discretized COMS-GARCH process (Gn , σn2 , sn ) = ({Gi }, {σi2 }, {si }) satisfies

1/2
(5)

 Gi − Gi−1 = Yi = σi−1 (∆ti ) i ,

 σ 2 = α(s )∆t + σ 2 + λ(s )Y 2 exp (−β(s )∆t ) ,
(6)
i
i
i i
i
i
i
i−1

Pr(si = j|si−1 = k) = 1 − exp(−ηjk ∆ti ) for j 6= k,
(7)


P

Pr(si = k|si−1 = k) = j6=k exp(−ηjk ∆ti ).
(8)
Eqs (5) and (6) model the “CO" component in a similar manner to [20] and
Eqs (7) and (8) model the “MS” part of the COMS-GARCH process. Since Yi
is obtained by differencing the observed Gi , it is also observed. To ensure the
positivity of Eq (6), we require α(k) and λ(k) to be non-negative for all states
k = 1, . . . , ν. To reflect the general belief that dependence between two quantities
at two timepoints diminishes as the time gap increases, we also impose positivity
on β(k) for all states. As n → ∞, ∆ti → 0 and the discretized COMS-GARCH
process in Eqs (5) to (8) converges in probability to the COMS-GARCH process
defined in Eqs (1) to (4), as stated in Lemma 1.
Lemma 1 (Convergence of discretized COMS-GARCH process). Let (G, σ 2 , s)
be the COMS-GARCH process on time interval [0, T ], and (Gn , σn2 , sn ) be its
discretized process. As n → ∞, ∆ti → 0 for i = 1, . . . , n and (Gn , σn2 , sn )
converges in probability to (G, σ 2 , s) in that the Skorokhod distance DS ((Gn , σn2 ,
p
Sn ), (G, σ 2 , s)) → 0 as n → ∞.
The converges in probability in Lemma 1 also implies the convergence of (Gn , σn2 ,
sn ) in distribution to (G, σ 2 , s). Lemma 1 is an extension of the theorem on the
convergence of a discretized CO-GARCH process [20]. The added complexity in
COMS-GARCH, that is, multiple states and state-dependent GARCH parameters,
has no material impact on the discretization of the process and the underlying
conditions that leads to the convergence. Therefore, the theoretical result of the
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convergence of the discretized CO-GARCH process can be directly extended to
the discretized COMS-GARCH process. In fact, the CO-GARCH model can be
regarded as a special case of the COMS-GARCH process when the number of
states ν is 1. Therefore, the inferential approaches and theoretical results for
COMS-GARCH in the next section also apply to CO-GARCH.

3

Inference for COMS-GARCH Process

The parameters in the COMS-GARCH process include Θ = {α(k), β(k), λ(k)}
∀ k = 1, . . . , ν and transition parameters η. In addition, we are also interested
in learning the latent state si and volatility σi2 for i = 1, . . . , n so to better
understand an observed TS and to aid prediction of future states and volatilities.
We propose a Bayesian Gibbs sampler coupled with the pseudo-likelihood that is
defined as follows.
f (Yi |Y1 , . . . , Yi−1 , s1 , . . . , si ) = N (0, ρ2i ), where
(9)



α(si )
exp((β(si )−λ(si ))∆ti )−1
α(si )∆ti
2
ρ2i = σi−1
−
+
(10)
β(si ) − λ(si )
β(si ) − λ(si )
β(si ) − λ(si )
2
≈ σi−1
∆ti

 −β(si−1 )∆ti−1 )
2
2
= α(si−1 )∆ti−1 ∆ti + ∆ti σi−2
+ λ(si−1 )Yi−1
e
.

(11)

Eq (11) is obtained by taking the first-order Taylor expansion of Eq (10) around
2
∆ti = 0 and substituting σi−1
in Eq (6). Eqs (9) to (11) suggest that
2
2
E(Yi |Y1 , . . . , Yi−1 , s1 , . . . , si ) = V(Yi |Y1 , . . . , Yi−1 , s1 , . . . , si ) = ρ2i ≈ σi−1
∆ti .(12)
3.1

Gibbs Sampler for Bayesian Inference on Model Parameters

Since we are interested in obtaining inferences for Θ and η given the pseudolikelihood and predicting states and volatilities, methods that rely on integrating
out the latent states, such as the EM and MC-EM algorithms (we provide their
steps in the expanded paper for interested readers), do not work well. In contrast,
the Bayesian framework provides a more convenient and straightforward approach
to reach the inferential goal. Below we propose a Gibbs sampler to obtain Bayesian
inferences for the COMS-GARCH process.
Define ∆t = (∆t1 , . . . , ∆tn ), Y = (Y1 , . . . , Yn ), S = (s1 , . . . , Sn ), and S is the
set of all possible state paths. Denote the priors for Θ and η by π(Θ, η) and
assume π(Θ, η) = π(Θ)π(η). The conditional posterior distributions of Θ, η, and
the states are respectively

Qn
2
2
f (Θ|η, Y, ∆t, S) ∝ π(Θ)L(Θ, η|Y, S) = π(Θ) i=1 ρ−1
i exp −Yi /(2ρi ) , (13)
f (η1k , . . . , ηνk |Θ, Y, ∆t, S) = f (η1k , . . . , ηνk |S, ∆t) for k = 1, . . . , ν,


n−1
Y
X
Y n−1
Y
2−ν +
e−ηjk ∆ti+1 
(1−e−ηjk ∆ti+1 ),
∝ π(η1k , . . . , ηνk )
si+1 =k
si =k

f (si |S−i , Θ, η, Y, ∆t) ∝ ξsi ,si−1 ξsi+1 ,si
Pν
where j=1 ηjk = 1 in Eq (14), and

(14)

j6=k si+1 =j
si =k

j6=ν

Qn

t=i


2
2
ρ−1
t exp −Yt /(2ρt ) ,

(15)
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(
ξsi ,si−1 =

2−ν+

P

k6=si−1

exp(−ηk,si−1 ∆ti ) when si = si−1

;
1 − exp(−ηsi ,si−1 ∆ti ) when si 6= si−1
similarly for ξsi+1 ,si . When there are two states (ν = 2), Eqs (14) and (15) can
be simplified to
Qn−1
Qn−1
f (η21 |S, Y , ∆t) ∝π(η21 ) si+1 =1 e−η21 ∆ti si+1 =2 (1 − e−η21 ∆ti+1 )
(16)
si =1

Qn−1

si =1

Qn−1

− e−η12 ∆ti+1 )
 2
Y
2−si si −1 2−si+1 si+1 −1 Qn
−1
f (si |S−i , Θ, η,, ∆t) ∝ ξ1,s
ξ
ξ
ξ
ρ
exp
− 2ρt2 ,
2,si
t=i t
i−1 2,si−1 1,si
f (η12 |S, Y , ∆t) ∝π(η12 )

si+1 =2
si =2

e

−η12 ∆ti

si+1 =1 (1
si =2

(17)
(18)

t

where ξ1,si−1 = e−η21 ∆ti if si−1 = 1, and 1 − e−η21 ∆ti if si−1 = 2; ξ1,si = e−η21 ∆ti+1
if si = 1, and 1 − e−η21 ∆ti+1 if si = 2.
The Gibbs sampler draws samples on Θ, η and si for i = 1, . . . , n alternatively
from Eqs (13), (14), and (15). Upon convergence, after burning and thinning,
we will have multiple, say M , sets of posterior samples of Θ, η, based on which
their posterior inferences can be obtained. We will also have M sets of samples
on state si and can calculate the posterior volatility σi2 at each timepoint via Eq
(6). Connecting the states across the n times points from each set of the state
posterior samples leads to a state path. Due to the large sample space (totally
ν n possible paths), it is difficult to identify the MAP estimate for the state path
out of the M paths with acceptable accuracy unless M >> ν n and a significant
portion of paths have close-to-0 posterior probabilities with a few paths having
significantly higher probabilities compared to the rest. To solve this issue, we
design a new computational algorithm (reSAVE) as detailed next.
3.2

Estimation for State Path and Volatility

To deal with the computational challenge in obtaining the MAP estimates for
state path via the Gibbs sampler in Sec 3.1, we propose an inferentially Robust
and computationally Efficient iterative procedure for State path And Volatility
Estimation (reSAVE). The steps of the procedure are listed in Alg. 1.
The inferential robustness for the MAP estimates from the reSAVE procedure
is brought by the Bernoulli NI implemented in each iteration of the procedure,
leading to both ensemble learning and improved stability of the object function
from which the MAP estimates are obtained (Sec 3.4). The computational
efficiency of the reSAVE can be attributed to a couple of factors: the Bernoulli
NI that generates a sub-TS (smaller data size) in each iteration, of sampling
of a small set of state m to calculate MAP estimates for the state path, and
the employment of a maximization-maximization scheme to obtain the MAP
estimates of the parameters Θ and η and for the state path in each iteration.
The number of iterations N in the procedure can be prespecified or determined
using a convergence criterion, such as the l1 distances on the MAP estimates
(e.g., {|η̂ (l+1) − η̂ (l) |, |Θ̂(l+1) − Θ̂(l) , |S (l+1) − S (l) |}) or the objective functions
between two consecutive iterations. If the criterion reaches a prespecified threshold,
the procedure stops. Regarding the number of sampled state paths m > 1, m
too small will not lead to stable MAP estimates; m too large would increase
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the computational costs. In the experiments presented in Sec 4, we used m =
6, which seems good enough. The ensemble size b refers to the number of
observations following a given timepoint i that are used to update the conditional
posterior distribution of si (Proposition 1). The specification of b is mainly for
computational efficiency consideration and is optional.
Algorithm 1: The reSAVE Optimization Procedure

1
2

3



(0)
(0)
input : data (Y, ∆t), initial values Θ(0) , η (0) , S (0) = s1 , . . . , sn , # of
iterations N , # of sampled state paths m, ensemble size b
output : MAP estimates ŜMAP , σ̂ 2MAP = (σ̂12 , . . . , σ̂n2 ), Θ̂MAP , η̂ MAP .
for l = 1 to N do
Apply Bernoulli NI in Alg. 2 to obtain a sub-TS (Ỹ(l) , ∆t̃(l) ) of length ñ(l) .
Denote by T (l) the set of the original timepoints retained in the sub-TS;
(l)
Calculate Θ̂MAP = arg max f (Θ|S (l−1) , Ỹ(l) , ∆t̃(l) ) and
Θ

(l)

η̂ MAP = arg max f (η|S (l−1) , Ỹ(l) , ∆t̃(l) );
η

4
5
6
7
8
9
10

11
12

for j = 1 to m do
for i = 2 to n − 1 do
∗(l−1)
(l)
(l)
(j)
per Eq
sample si for i ∈ T (l) given ΘMAP , η MAP Ỹ(l), ∆t̃(l), S−i
(15);
end


(j)
(j) (j)
Let S̃ (j) = s1 , s2 , . . . , sñ(l) .
end


(l)
(l)
Let S̃ = S̃ (1) , . . . , S̃ (m) , S̃ (l) = arg max f (S|ΘMAP , η MAP , Ỹ(l), ∆t̃(l) ), and
S∈S̃
S (l−1)
(l)
}i∈T
S (l) = {s̃i }i∈T (l) {s̃i
/ (l) ;
end
Calculate MAP estimate for volatility {σi2 }i=1,...,n given
(N )
(N )
SMAP = S (N ) , Θ̂MAP = Θ̂MAP , η̂ MAP = η̂ MAP via Eq (6).

The MAP estimates of Θ and η can be obtained either through direct
optimization of their respective conditional posterior distributions or via MC
approaches using samples from the conditional posterior distributions. The
estimate of the state path in each iteration is defined as the path, out of the
sampled m paths, that Q
maximizes the conditional posterior distribution of S,
n
2
2
which is proportional to i=1 ρ−1
i exp(−yi /(2ρi ))ηi,i−1 [5], given the latest MAP
estimates of Θ and η. Though the Bernoulli NI is designed more for achieving
ensemble learning and improving the stability of the objective functions for the
state path optimization (see Sec 3.4), we expect its usage also makes the inference
for Θ and η more robust, especially if ν is relatively large.
3.3

Bernoulli Noise Injection

A key step in Alg. 1 is generating sub-TS via Bernoulli NI. The rationale for
sub-TS when estimating the state path and volatilities is that the estimation can
be sensitive to the TS data for the COMS-GARCH process. The Bernoulli NI
can create an ensemble of sub-TS’ of considerable diversity among the ensemble
members across iterations to reduce the sensitivity, to reduce the inference
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sensitivity. Alg. 2 lists the steps of the Bernoulli NI. It outputs a sub-TS {G̃, ∆t̃},
which is then fed to Alg. 1; only the states S̃ at the retained timepoints are
updated in each iteration, and the states of the dropped timepoints are kept
at the values from the previous iteration, saving costs computationally. For the
choice of Bernoulli rate p, a k-fold cross-validation (CV) procedure can be used,
the detail of which are provided in the expanded paper.
Algorithm 2: Bernoulli Noise Injection

1
2
3
4

input : Original TS G; Bernoulli NI rate p.
output : sub-TS (Ỹ, ∆t̃, ñ).
Draw ei from Bern(1−p) for i = 2, . . . , n−1. Set e0 = e1 = en = 1;
Pn
Let G̃ = {G : G · e 6= 0}, where e = {ei }n
i=0 , ñ =
i=1 ei ;
Obtain Ỹ = {Ỹ1 , . . . , Ỹñ } = diff(G̃);
(
∆t̃i+1= ∆i+∆t̃i+1 and ∆i = 0 if ei = 0
Set ∆t̃ = ∆t. For 0 ≤ i ≤ n−1, let
;
∆t̃i+1 ← ∆t̃i+1 if ei = 1
∆t̃ = {∆t̃ : ∆t̃ 6= 0}.

Claim 1. The differenced Ỹ in a sub-TS after Bernoulli NI is a summation of a
sequence of differenced Y with the dropped observations in the original TS.
Claim 1 is a simple but interesting fact. For example, if Gi+1 gets dropped from
the sequence of . . . , Gi , Gi+1 , Gi+2 , . . ., then Ỹi0 = Gi+2 − Gi = (Gi+2 − Gi+1 ) +
(Gi+1 −Gi ) = Yi+2 +Yi+1 ; say r observations are dropped between Gi and Gi+r+1 ,
then Ỹi0 = Gi+r+1 −Gi = (Gi+r+1 −Gi+r )+(Gi+r −Gi+r−1 )+· · ·+(Gi+1 −Gi ) =
Yi+r+1 + · · · + Yi+1 . This fact is used in the proof of Proposition 2 in Sec 3.4.
Since the NI rate p is usually small and the timepoints are dropped from the
original TS randomly, with the fine time scale on which the TS is collected,
the COMS-GARCH process can “digests” these “missing” timepoints effortlessly,
without needing an ad-hoc approach to handle these dropped timepoints. The
full conditional distributions of Θ, η, and states {si } given the sub-TS in each
iteration are given in Eqs (13) and (15) by replacing the original TS (Y, ∆t)
with the sub-TS (Ỹ, ∆t̃).
The Bernoulli NI for COMS-GARCH is inspired by the dropout technique
for regularizing neural networks (NNs) [30], which injects Bernoulli noises to
input and hidden nodes during training, leading to model regularization. The
Bernoulli NI we propose here is different procedurally in that it is applied to the
observed data and drops random timepoints in the original TS in each iteration,
rather than generating sub-models; in other words, the COMS-GARCH model
remains as is during training. The benefits of the Bernoulli NI here include
reduced computational cost, its connection with ensemble learning and inferential
stability and robustness. The Bernoulli NI also bears some similarity to bagging
[8], a well-known ensemble learning algorithm, but differs from bagging in two
aspects. First, the Bernoulli NI leads to a random sub-TS (without replacement)
of the original TS in each iteration of Alg. 1 whereas bagging often generates a
bootstrapped sample set with replacement that is of the same size as the training
data. Second, bagging often generates multiple sets of samples, trains a model
on each set in parallel, and then ensembles them into a meta-model, whereas
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the ensemble learning brought by the Bernoulli NI to the MAP estimation for
COMS-GARCH is implicit, iterative, and realized sequentially.
3.4 Theoretical Analysis on Inferential Benefits of Bernoulli NI
In this section, we investigate theoretically the reasons behind the inferential
benefits (improved efficiency and robustness in the MAP estimates of state path
and volatilities) of the Bernoulli NI in two aspects.
First, we show, through the iterative Alg. 1, that the Bernoulli NI leads to
sequential and implicit ensemble learning of the parameters and states for the
COMS-GARCH model. The formal results are given in Proposition 1.
Proposition 1 (ensemble learning of state path). Let Yj−1 = (Y1 , . . . , Yj−1 ),
S1 = (s1 , . . . , si = k1 , . . . , sj ) and S2 = (s1 , . . . , si = k2 , . . . , sj ) ∀k1 =
6 k2 ∈
{1, . . . , ν}, i ≤ n−b. Assume that for ∀  > 0, ∃b ∈ N + such that
Qn
Qi+b
f (Yj |Yj−1 , S1 )
j=i f (Yj |Yj−1 , S1 )
Qj=i
< .
(19)
−
Qi+b
n
j=i f (Yj |Yj−1 , S2 )
j=i f (Yj |Yj−1 , S2 )
b−1
There exist Ck−1
ways to yield a set of b observations from a sequence of
b−1
k ∈ [b, n−i] consecutive observations. Denote the ensemble of the resultant Ck−1
sub-TS’ by Ỹ. Given a Bernoulli NI rate p, the conditional posterior distribution
of si given the ensemble Ỹ is

Pn−i  k−b
P
b−1
p
(1
−
p)
f
(s̃
|
S̃
,
Θ,
η,
Ỹ)
.
(20)
i
−i
k=b
Ỹ∈Ỹ

The proof of Proposition 1 is straightforward. Eq (6) implies that the conditional distribution of Yj depends only on its variance since its mean is fixed at 0.
2
Eq (9) suggests that the impact of state si on σj−1
(and thus ρ2j ) decreases as
i departs from j given the recursive formula on σ 2 . Taken together, it implies
that the state at time ti has minimal effect on the distribution of Yj at a future
timepoint tj once the distance tj − ti surpasses a certainQthreshold, which we use
n
b to denote. Mathematically, it means the ratio between j=i+b+1 f (Yj |Yj−1 , S1 )
Qn
and j=i+b+1 f (Yj |Yj−1 , S2 ) is arbitrarily close to 1, or
Qi+b
Qn
f (Yj |Yj−1 , S1 )
j=i f (Yj |Yj−1 , S1 )
Qj=i+b+1
−1 < 
Qi+b
n
j=i+b+1 f (Yj |Yj−1 , S2 )
j=i f (Yj |Yj−1 , S2 )
for any  > 0, leading to Eq (19). k given b and p follows a negative binomial
distribution, leading directly to Eq (20).
Taken together with Eq (15), Eq (19) implies the posterior distribution of si
can be almost surely determined by the b observations in TS Y that immediately
follow ti ; that is, f (si |S−i , Θ, η, Y) = f (si |S−i , Θ, η, Yi , Yi+1 , . . . , Yi+b ). This
narrow focus on just b observations is undesirable especially when b is small
because the inference about the state path can become unstable and highly
sensitive to even insignificant fluctuation in the TS. The Bernoulli NI helps
mitigate this concern by diversifying the set of the b observations. After the
Bernoulli NI, the posterior probability of si is a weighted average of the posterior
distributions over multiple sets of b observations with different compositions across
iterations, as suggested by Eq (20), leading to more robust state estimation.
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Fig 1 provides a visual illustration of the ensemble effect achieved through
the Bernoulli NI. The dashed line in each plot corresponds to the right y-axis
that presents the size of an ensemble. The solid lines correspond to the left y-axis,
representing the weights assigned to ensembles of different sizes. When there
is no Bernoulli NI (p = 0 and k = b), the ensemble is of size 1 (the first point
on the dashed line in each plot). For p > 0, we have more than one way of
generating the set of b observations; and the actual ensemble size depends on
p and k. In brief, for a fixed b, as k increases, the size of the ensemble set Ỹ,
b−1
Ck−1
, increases dramatically (the dashed line within each plot), implying more
sub-TS’ are involved to obtain the posterior distribution of si . In addition, the
ensemble set also increases dramatically with b for a fixed k − b value (the trend
of the dashed lines across the 3 plots). The separated lines for different p suggest
that ensembles of different sizes are not weighted equally toward the conditional
posterior distribution of si : the larger an ensemble, the smaller the weight it
carries, especially for small p. Fig 1 implies that p as small as O(0.01) can create
an ensemble of sub-TS’ of enough diversity among the ensemble members to
bring more robustness to the inference. A large p leads to a larger ensemble, but
also a higher computational cost which could overshadow the improved diversity.
In addition, a large p may drop too many timepoints and lead to too much
fluctuation in the sub-TS’ from iteration to iteration, resulting in possibly large
bias or large variance in the estimation.

4

5

Fig. 1. Size of ensemble Ỹ (right y-axis) and weights w(k; p, b) assigned to ensembles
of different sizes (left y-axis) for different p and b

Second, we establish that the Bernoulli NI also improves the stability of the
objective function from which the MAP estimation is obtained, in the presence of
random external perturbation in the TS. With a more stable objective function,
the MAP estimates of (Θ, η, S, σ 2 ) are also expected to be more stable. The
formal result is presented in Proposition 2 (the proof is in the expanded paper).
Proposition 2 (improved stability of objective function). Let Yi0 = Yi + zi ,
with zi ∼ N (0, ε2 ) independently for i = 1, . . . , n, be an externally perturbed
observation to the original observation Yi from TS Y; and Yi0 comprises the
perturbed TS Y0 . Let Ỹ and Ỹ0 denote a sub-TS of Y and Y0 , respectively,
after implementing the Bernoulli NI in an iteration of Alg. 1. The difference in
the objection function (negative log-likelihood function or negative log-posterior
distributions of (Θ, η), S and σ 2 ) given Ỹ0 vs. that given Ỹ after the Bernoulli
NI is on average smaller than the difference obtained without the Bernoulli NI.
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Experiments

We run 4 experiments to demonstrate the applications of the COMS-GARCH
process and the reSAVE algorithm. Experiment 1 shows the improved robustness
of the MAP estimates of volatilities brought by the Bernoulli NI in the reSAVE
procedure in a one-state COMS-GARCH process. Experiment 2 demonstrates
the inferential robustness and computational efficiency of the reSAVE procedure
in a two-state COMS-GARCH process and to compare with the MSGARCH(1,1)
process. Experiments 3 and 4 apply the COMS-GARCH process and the reSAVE procedure to a real exchange rate TS (https://www.histdata.com) and
a real blood volume amplitude (BVA) TS (https://archive.ics.uci.edu/ml/
datasets/PPG-DaLiA) – to identify multiple states and estimate volatility.
Experiment Setting
0.010

4.1

−6

−4

−2

0

2

4

blood volume amplitude

6

−0.020

−0.010

0.000

log−return of USD/CAD

In experiment 1, the TS data Y is simulated from
a single-state CO-GARCH model and has 500 timepoints. The time gap ∆t between two consecutive
observations is characterized by a Poisson process
with rate ζ, i.e., E(∆t) = ζ −1 . We examined 4 ζ
values (2.5, 5, 10, 20). In experiment 2, the simulated
TS Y from the COMS-GARCH process has 2 states
(a) Experiment 3
and 1, 000 timepoints. The transitions among the
states between two adjacent timepoints are modeled
by a hidden Markov process transition parameters.
We examined 2 set of β: η12 = η21 = 0.1 and 0.25
(η11 = η22 = 0.9 and 0.75). A similar Poisson process
as in experiment 1 was used to simulate the TS data
in the two states at ζ = 10, 40, respectively. In ex0
200
400
600
800
1000
time
periment 3, to keep the data at a manageable size,
(b) Experiment 4
we took every 90-th observation and performed a log
Fig. 2. Observed TS Y
transformation on the exchange rate TS between US
dollar and Canadian dollar. The final TS G contains 1501 times points over half
a year. In experiment 4, we extracted the measurements from the photoplethysmograph of the blood volume pulse (64 Hz; i.e., 64 times per second) by taking
the valley and peak pulse values in each cycle and scaling them by 0.01. We
then took the first 1, 000 measurements from a random patient as the input Y.
The TS’ in experiments 3 and 4 have multiple regimens and the timepoints are
irregularly spaced.
In all 4 experiments, we imposed non-informative priors on Θ = (α, β, λ), set
b = 20 and m = 6 for multiple path sampling. We examined a range of the
Bernoulli NI rates in in experiments 1 and 2 and set p at 0.02 in experiments 3 and
4. The convergence of the reSAVE procedure was examined by visual inspection
of the trace plots of the MAP estimates for (Θ, η) and log(Θ, η, σ 2 , S|Y, ∆t).
MS-GARCH(1, 1) in experiment 2 was implemented using R package MSGARCH.
Since the MS-GARCH model assumes evenly-space TS data, we first applied
linear interpolation to each simulated TS to obtain the equally spaced TS data
before fitting the model.
Jul

Aug

Sep

Oct

Nov

Dec
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4.2

Results

Due to space limitation, we present selected main results; more results can be
found in the expanded paper. Fig 3 presents examples on the estimated volatilities
and states (a randomly chosen repeat out of 50 is shown in experiments 1 and
2). The main observations are as follows. In Figs 3(a), (c) to (f)), the estimates
of volatilities and states almost completely overlap with their true values at all
timepoints, suggesting high accuracy in the estimation. The results in experiment
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(g) Experiment 3: exchange rate
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(h) Experiment 4: BVA TS

Fig. 3. Estimated volatilities and states via COMS-GARCH. Experiment 1 has only
one state so there is no state path estimation; (b) shows the results from MS-GARCH,
a comparison method to COMS-GARCH
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2 further suggest that when there is no external perturbation in the TS, the
Bernoulli NI does not negatively impact the volatility and state estimation but
improves the accuracy in the estimation when there is, implying that the Bernoulli
NI is an “intelligent” technique, only doing its tricks when needed and is silent
otherwise. By contract, MS-GARCH tend to over-estimate volatilities and there
are more mis-predicted states (Fig 3(b)). In experiments 3 and 4 (Fig 3(g) and
(h)), the estimated states and volatilities via COMS-GARCH and the reSAVE
procedure reflect the two expected states in each case: a change in the state
somewhere between September and October in experiment 3, and different BVA
states corresponding to different physical conditions or emotional episodes of
subjects in experiment 4.
Fig 4 summarizes the relative %|bias| of the estimated volatilities (l1 -distance
scaled by the true volatility) and the state mis-prediction rate, both averaged
across the time points in each TS and across the 50 repeats in experiments 1
and 2. Fig 4(a) suggests the volatility estimation can be sensitive to even mild
fluctuation in the TS data as the bias with externally perturbed TS (crosses at
p = 0) is larger than that at no external perturbation (circles at p = 0). Bernoulli
NI helps bring the bias down at all the examined ζ values but there is not much
of a difference across p. In Fig 4(b) to 4(e), the accuracy of the state identification
and volatility estimation is significantly improved with a proper Bernoulli NI rate
p than without NI. The smallest mis-prediction rate (8% ∼ 17%) and volatility
estimation bias (12% ∼ 25%) are achieved around p at 0.01 ∼ 0.02 in most
scenarios; and further increasing p does not seem to improve the prediction
accuracy. In addition, how much the Bernoulli NI helps in reducing the prediction
bias relates to ζ, η, and Θ.

(a)

(b)

(c)

(d)

(a) volatility estimation from original TS in
Experiment 2
(b) volatility estimation from perturbed TS in
Experiment 2
(c) state prediction from original TS in Experiment 2
(d) state prediction from perturbed TS Experiment 2
(e) volatility estimation in Experiment 1
(e)

Fig. 4. Volatility estimation bias and state mis-prediction rate in Experiments 1 and 2
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Fig 5 presents some trace plots from the iteram=6, p=0
tive reSAVE procedure in experiment 2. The setm=6, p=0.02
ting (m = 6, p = 0.02) converges with the least
iterations, followed by (m = 6, p = 0). The setting
(m = 1, p = 0) needs the most iterations to converge.
This observation suggests both Bernoulli NI and the
multiple path sampling scheme (m = 6) can accelerate the convergence of the reSAVE procedure in
iterations
0
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c =0.1 1500
estimating the state path and volatilities.
m=1, p=0
In the expanded paper, we also present the biases
m=6, p=0
m=6, p=0.02
and root mean squared errors for the MAP estimates
of Θ and η. The estimates for α(k) and β(k) are
generally accurate but there is noticeable estimation
bias for η and λ(k) in some simulation scenarios. The
relatively large bias for η can be at least partially
attributed to the low transition probabilities between
iterations
different states, leading to data sparsity in estimating
0
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η. Estimation bias of Θ is rather a common problem
and exists in the GARCH, CO-GARCH, and MS- Fig. 5. Trace plots of state
GARCH estimation, rather than something unique mis-prediction rate (top)
to the Gibbs sampler or the reSAVE procedure we and |relative bias| of estimated volatility (bottom) in
propose for the COMS-GARCH process. [7] suggests
a single TS repetition in Exthat the MLEs for the parameters from the GARCH periment 2
model are biased; the estimation bias for the GARCH
parameters for both the quasi-MLE and the constrained M-estimators (more
robust) can be as large as 20% [22] and as large as 30% for the parameters of
the CO-GARCH process [20].

5

Discussion

We propose the COMS-GARCH process for handling irregularly spaced TS data
with multiple volatility states. We also introduce the reSAVE procedure with
the Bernoulli NI for obtaining the MAP estimates for model parameters, state
path, and volatilities. The computational efficiency and inferential robustness of
the reSAVE procedure are established and illustrated theoretically or empirically.
Foresting is often of major interest in TS analysis as they provide insights
into future trends and are useful for decision making (e.g., developing option
trading strategies in financial markets, predicting earthquakes). We present in
the expanded paper an algorithm for the hth -step-ahead prediction of future
volatilities and states through a trained COMS-GARCH process.
We conjecture that the reSAVE procedure is applicable not only to the
COMS-GARCH and CO-GARCH processes but also to other solvable CO-*GARCH processes. For example, it will make an interesting future topic to develop
the COMS-Exponential-GARCH and COMS-Integrated-GARCH processes and
examine the performance of the reSAVE procedure in these settings. We also
expect that the reSAVE procedure can be used in the COMS-ARMA process

COMS-GARCH
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for trend estimation, yielding some types of weighted l2 regularization on the
ARMA parameters. More work is needed to prove conjectures formally.
Regarding when to use the COMS-GARCH process, TS’ that are of highfrequency or irregularly spaced are potential candidates (the “CO” component);
we may plot the TS and visually examine whether there is any sign for multiple
states (the “MS” component) or there may exist domain or prior knowledge
suggesting state multiplicity (e.g., experiments 3 and 4 in Section 4). For a more
quantitative approach, one may fit the candidate models (e.g., COGARCH vs.
COMS-GARCH, MS-GARCH and COMS-GARCH, ν1 vs ν2 states in COMSGARCH) to the TS in the Bayesian framework, and compare the deviance
information criterion (DIC) [29], a Bayesian measure of model fit and choose the
model with the smaller (or) smallest DIC.
Finally, as discussed briefly in the experiments, there lacks in-depth theoretical
investigation on the asymptotic properties of the MLE and MAP estimation
for the MS-GARCH and CO-GARCH processes, and the estimation bias for
*-GARCH parameters is well documented. We will look into the asymptotic
properties of the COMS-GARCH process as n → ∞ and T → ∞ and develop
more accurate inferential procedures for COMS-GARCH in the future.
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