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Abstract. Unsupervised Domain Translation (UDT) is the problem of
finding a meaningful correspondence between two given domains, without explicit pairings between elements of the domains. Following the
seminal CycleGAN model, variants and extensions have been used successfully for a wide range of applications. However, although there have
been some attempts, they remain poorly understood, and lack theoretical guarantees. In this work, we explore the implicit biases present in
current approaches and demonstrate where and why they fail. By expliciting these biases, we show that UDT can be reframed as an Optimal
Transport (OT) problem. Using the dynamical formulation of Optimal
Transport, this allows us to improve the CycleGAN model into a simple
and practical formulation which comes with theoretical guarantees and
added robustness. Finally, we show how our improved model behaves on
the CelebA dataset in a standard then in a more challenging setting,
thus paving the way for new applications of UDT.
Keywords: Deep Learning, Optimal Transport, Generative models
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Introduction

Given pairs of elements from two different domains, domain translation consists
in learning a mapping from one domain to another, linking paired elements together. A wide range of problems can be formulated as translation, including
image-to-image [18], video-to-video [27], image captioning [32], natural language
translation [3], etc. However, obtaining paired examples is often difficult and for
this reason has motivated a growing interest towards the more general unpaired
or unsupervised setting where only samples from both domains are available
without pairing. A seminal and influential work for solving Unsupervised Domain Translation (UDT) has been the CycleGAN model [33]. It has spurred
many variants and extensions leading to impressive results in several application
domains [20, 30, 9, 8, 13].
More formally, Unsupervised Domain Translation (UDT) is the problem of
finding, for any element a of a domain A, its best representative b in another given
domain B. Both domains are generally provided in the form of a finite number
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of samples and we will model them here as absolutely continuous probability
measures, respectively α and β. We will make the additional hypothesis that both
domain are open and bounded in Rd , with regular boundaries. CycleGAN-like
models can then be framed as follows: Given samples from the two probability
measures α and β, learn transformations T and S that map one distribution onto
the other, while being each other’s mutual inverse. This problem thus involves
minimizing the following loss:
L(T, S, A, B) = Lgan (T, S, A, B) + Lcyc (T, S, A, B)

(1)
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where Lgan ensures, at optimality, that
T] α = β

and

S] β = α

while Lcyc ensures cycle-consistency, namely that both transformations are mutual inverses.
Despite its popularity and empirical successes, there is no clear understanding
on why CycleGAN is so effective. As shown in [16, 29, 23], the kernel or null space
of the CycleGAN loss, i.e. the set of couples (T, S) such that L(T, S, A, B) = 0,
is not reduced to a singleton except in trivial cases and is often infinite in most
cases of interest. By studying the kernel of the loss, [23] show more precisely that
elements of the null space as well as solutions obtained through the extended
version of the loss, where the loss is regularized so that the transformations
are close to the identity function, can lead to arbitrarily undesirable solutions
of UDT. Thus, there is a discrepancy between what the loss of CycleGANlike models captures and their practical usefulness. [16] postulate that obtained
solutions are of minimal complexity, a notion related in their work to the minimal
number of neural layers necessary to represent a function, and conjecture that
mappings of minimal complexity represent a small subset of the CycleGAN’s loss
kernel. Although their definition of complexity not satisfying and they do not
explain why these solutions would correspond to satisfactory ones, this intuition
is a valuable one and we build upon it in this work.
More generally, this paper attempts to explain empirically and theoretically
why and in which conditions CycleGAN works, and proposing a framework which
opens the way for more robust and more flexible CycleGAN models. More precisely,
– We assess the desiderata ensuring satisfactory results for UDT and conduct
an empirical analysis of CycleGAN which shows a systematic implicit bias
towards low energy transformations, i.e. transformations that displace the
inputs as little as possible, and that this bias not only explains its success,
but predicts where it fails.
– Building on this idea, we reformulate the general problem of UDT as an
Optimal Transport (OT) problem, thus allowing us to use results from OT
theory. This ensures the well-posedness of the problem and regularity of the
solution. We are also able solve problems where CycleGAN methods fail.
4

The push-forward measure f] ρ is defined as f] ρ(B) = ρ(f −1 (B)), for any measurable
set B. Said otherwise, we need T to map α to β and S does the reverse.
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– We illustrate our findings by proposing a simple instance of the formulation
and conducting illustrative experiments. Using the dynamical formulation of
OT, our model is more robust, allows for smooth interpolations and halves
the number of necessary parameters by providing an inverse mapping for
free after training.

2

Desiderata for UDT and Analysis of CycleGAN

Here, we characterize qualitatively then quantitatively how a good UDT model
should behave and show that CycleGAN-like models tend to compute low-energy
transformations.
2.1

What should be the properties of a UDT solution?

Qualitatively, good solutions of a UDT problem are the ones which translate an
input a from A to B while still conserving as much as possible the characteristics of a, and conversely from B to A. The CycleGAN seminal paper tries to
enforce this through the cycle-consistency loss but, as discussed above and in
previous papers, this loss is null for any invertible mapping T by taking the couple (T, T −1 ), without necessarily conserving any characteristics across domains.
In other words, this loss doesn’t really add any constraints on the mapping and
infinitely many undesirable can still be theoretically recovered by the model.
This intuition has already been formulated in [16] in the notion of “semantics
preserving mappings”. The authors, recognizing that preserving semantics is
a vague notion, propose to measure it through the minimal number of layers
necessary for neural networks to represent the transformation. However, while
we think that it provides a useful step forward in understanding UDT, such a
formulation has several shortcomings: There is no reason why complexity should
always be measured as the number of layers of a non-residual NN [31] and it
is not even clear whether such a minimal number is always finite for relevant
transformations; This notion doesn’t provide theoretical insights on how and why
CycleGAN performs so well in practice or why it seems to work well even with
very deep networks; Crucially, there are no guarantees regarding the uniqueness
of minimal complexity mappings.
It is also interesting to consider the extended loss for CycleGAN introduced
in the original paper [33] as a regularization forcing T and S to be close from the
identity mapping. While, as shown theoretically and empirically in [23], adding
this regularization doesn’t prevent undesirable mappings to be reached by the
model, the fact that it was necessary to further constrain the objective for certain
tasks in this way shows that it can be helpful to have transformations which do
not transform inputs too much. This is coherent with the view of [16]. We aim to
extend both approaches in a more adaptive, robust and theoretically grounded
formalism.
Generalizing those discussions, in our view, there are two main important
desirable features in UDT models as used in many practical settings:

4

E. de Bezenac et al.

– The mapping T (and, symmetrically S) should be constrained to be as conservative as is possible, in the sense that they should be as close to the
identity as is possible.
– The mappings T and S should also be regular. Indeed, in the case of imageto-image translation from paintings to photographs for example, if we take
two paintings a, a0 representing nearly the same scene then we would want
the corresponding photos T (a), T (a0 ) to be similar as well. This property
would mean that T and S are endowed with some functional regularity, at
least a form of continuity.
While the first feature extends the points of view already discussed in previous works, the second one is novel, up to our knowledge. It seems difficult to
enforce directly the regularity of the estimated mappings but we show in the
following that our approach seamlessly satisfies both properties.
2.2

CycleGAN is Biased Towards Low Energy Transformations

In practice, the success of CycleGAN models is made possible by the presence of
inductive biases that constrain the set of solutions and that are imposed through
the combination of the choices made for SGD-based methods, networks architectures, weight parameterization and initialization. In order to develop a better
understanding and identify implicit biases, we have conducted an exploratory
analysis to characterize the influence of CycleGAN hyperparameters. Our main
finding is that the initialization gain σ, i.e. the standard deviation of the weights
of the residual network (along with a fixed small learning rate), has the most substantial and consistent impact, among all the hyperparameters, on the retrieved
mappings. These findings are illustrated in the following experiments.

Fig. 1. Pairings between domains obtained with CycleGAN. Both domains correspond
to uniform distributions on a 2d-sphere with shifted centers. Small initialization values lead to simple and ordered mappings (Left), whereas larger ones yield complex
and disordered ones (Right). Colors highlight original pairing between domains, before
shifting.
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2D Toy Example Figure 1 shows the effect of changing the gain from a small
value, σ = 0.01, to a higher one, σ = 1 when learning to map one circular distribution to another. This changes the obtained mapping from a simple translation
aligning the two distributions with a minimum displacement to a more disorderly one. In other words, it seems that higher initialization gains lead to higher
energy mappings. Further quantifying the effect of initialization gain on the retrieved mappings, we use a natural characterisation of disorder / complexity of
a mapping: the average distance between a sample x from α and its image T (x).
Using the squared Euclidean distance, this
R corresponds to the kinetic energy of
the displacement and can be written as Rd kx − T (x)k22 dα(x). This quantity is
also the quadratic transport cost used in Optimal Transport [24]. Using the mapping minimizing this cost as a reference, we see, on the left of Figure 2, that the
larger σ becomes, the further CycleGAN’s mapping (blue curve) is from it. The
right curve confirms this finding: As σ grows, so does the transport cost of the
trained CycleGAN. For both experiments, the variance across runs increases i.e.
the model yields very different mappings across runs, corroborating the ill-posed
nature of CycleGAN’s optimization problem.

Fig. 2. Left: L2 distance to the Optimal Transport mapping ”Wasserstein 2 Transport”
as a function of the initialization gain (domains are illustrated in Figure 1). ”Ours”
refers to the model presented subsequently. Right: Transport cost of the CycleGAN
mapping as a function of initialization gain. Metrics are averaged across 5 runs, and
the standard deviation is plotted.

High-Dimensional Analysis We also conducted a similar analysis with highdimensional distributions of images on the CelebA dataset. While in this case
calculating the exact OT map is intractable, we can visualize samples obtained
with the CycleGAN mapping for different values of σ. The task is male to female
transformation where one wants to keep as many characteristics as possible from
the original image in the generated one. The result in Figure 5 confirms the lowdimensional findings: while in all cases the distributions have been successfully
aligned, as all males are transformed into females, the mappings initialized with
low σ values perform a minimal transformation of the input while high σ values
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produce unwanted changes in the features (hair color, face, skin color,...). This is
corroborated by measuring the transportation cost incurred by CycleGAN which
goes from 0.15 for σ = 0.01 to 9.7 for σ = 1.5, showing that this behaviour is
linked with high transport costs.
In summary, for common UDT tasks where the input is to be preserved as
much as possible, successful CycleGAN models tend to consistently converge to
low energetic mappings and this bias is induced by a small initialization gain.
However, the CycleGAN model doesn’t give any explicit control over this bias,
thus warranting a blind hyper-parameter / architecture search for each new task.
In the following section, we use OT to define a class of explicitly controllable
models with theoretical guarantees.

3

UDT as Optimal Transport

Using Optimal Transport theory, this section formalizes the findings of the previous one.

3.1

A (Dynamical) OT Model for UDT

Let us consider the classical Monge problem formulation for OT:
Z
min C(T ) =
T
s.t. T] α = β

c(x, T (x)) dα(x)
Rd

(2)

with the ground cost being defined as c(x, y) = h(x − y) with h strictly convex.
Using OT as a way to solve UDT seems very natural as, for most applications,
the user’s criteria are about preserving input features as much as possible: this
is precisely what is given by the OT mapping, its associated cost defining which
features are to be preserved. Our idea is that any solution of the Monge problem
would be a good candidate for a UDT forward mapping.
Moreover, for a wide range of costs, e.g. cost of the form5 c(x, y) = kx −
p
yk for p > 1, there exists a dynamical point of view of OT equivalent to the
Monge formulation6 , similar in intuition and formulation to the equations of
fluid dynamics. The general idea is to produce T by using a velocity field v which
gradually transports particles from α to β. The OT map can then be recovered
5

6

A larger family of costs can be considered at the expense of some technicalities,
see [15].
Which was pioneered in [6] and for which a detailed modern presentation is given in
chapters 4 and 5 of [24].
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from a path of minimal length, with v solving the optimization problem:
Z 1
min C dyn (v) =
kvt kpLp ((φ· )] α) dt
t
v
0
s.t.

∂t φxt = vt (φxt ),

(3)

φ·0 = idA ,
(φ·1 )] α = β
where the function φ·t : A → Rd, induced by the vector field v, is the transport
map at time t. This problem can be treated as a continuous-time optimal control
problem, and can thus be solved using standard techniques [24].
We then have, using results from Optimal Transport theory:
Proposition 1 (Existence, Uniqueness and Interpolation) With the hypothesis already made for α, β and c, (2) admits a unique minimum realized
with an invertible map T ? .
Moreover, for p > 1, when c(x, y) = kx − ykp , (3) also admits a unique
minimal vector field v ? . In addition, we have that the corresponding curve (φ·t )] α
interpolates geodesically between α and β in Wp .
Finally, we have that T ? = φ·1 and we recover the transport cost in the static
Monge formulation, i.e. C dyn (v ? ) = C(T ? ).
Proof. α, β and c verify the hypothesis for [24, Theorem 1.17] which gives existence
and uniqueness of the OT map T ? . Its invertibility is justified by Remark 1.20 of the
same reference.
Taking µt = (φ·t )] α, we have that (µt , vt ) solves the continuity equation:
∂t µt + ∇ · (µt vt ) = 0
(3) then becomes a problem of finding the curve of minimal length in Wp between
α and β. This space being a geodesic one, such a curve always exists and is unique.
This also justifies the equivalence of (2) and (3) as well as the fact that T ? = φ·1 . A
more rigorous justification is given in chapters 4 and 5 of [24] and a few elements are
summarized in the Appendix, Section A.
u
t

Here, Wp is the metric space of absolutely continuous probability measures with
finite p-th moment where the distance between two measures µ, ν is defined as
the p−th root of the OT cost between them. A more in-depth presentation is
given in Section A of the Appendix.
The key claim of this work, which is supported by the experiments conducted
in section 2.2, is the following one: The OT map T for the quadratic cost behaves
very similarly to the solution of UDT approximated by CycleGAN-like models
when they behave correctly.
3.2

Regularity of OT Maps

Let us recall the definition of Hölder continuity: A function f : X → Y is said
to be η-Hölder continuous if:
∀x, y kf (x) − f (y)k ≤ M kx − ykη
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for η ∈]0, 1]. Moreover, the space of functions whose k-th derivative is η-Hölder
continuous is denoted by C k,η (X , Y).
Using the same notation as above and recent results obtained for OT maps
[22], summarized in the Appendix B, we have the following:
Proposition 2 (Regularity) T ? is everywhere differentiable, except on a set
of null α measure.
Additionally, if T ? does not have singularities, there exists η > 0 and A,
respectively B, relatively closed in A, respectively B, of null Lebesgue measure,
such that T ? is η-Hölder continuous from A \ A to B \ B.
Moreover, if the densities of α and β are C k,η , then T ? ∈ C k+1,η (A\A, B\B).
This notion of regularity is exactly the one that one wants for UDT as the
regularity of the mappings has to be linked to that of their underlying domains.
Here, the recovered map is even one degree more regular than the domains
themselves.
Moreover, the fact that regularity excludes a negligible set of points of the
domains is also coherent with what we should expect: In the transported domains, there can be points which are close but nevertheless represent elements
from different classes and thus should be transported far from each other. For
example, in image-to-image translation between photographs and paintings, two
images with the same background can represent different objects and thus be
translated into very different paintings. Thus, this regularity result supports our
claim for the transport cost to be the right measure of ”complexity” for UDT
mappings.
3.3

Computing the Inverse

Consider the optimal vector field of (3) and the following system of differential
equations, for all x ∈ B:
(
∂t ψtx = −vt? (ψtx )
(4)
ψ0x = x
Then we have the following:
Proposition 3 The solution curve (ψt· )t of (4) geodesically interpolates between
β and α. In particular, S ? = ψ1· is the inverse of T ? , verifies S]? β = α and is
the OT map between β and α.
Proof. Let us consider νt = (ψt· )] β. Then (νt , −vt ) solves the continuity equation. On
the other hand, by a direct calculation and taking previous notations, we have that:
Z
Z
d
f dµ1−t = − ∇f (x) · vt (x)dµ1−t
dt
for any C 1 test function f which means that (µ1−t , −vt ) also solve the continuity
equation with the same initial condition β. This means, by uniqueness, that we have
νt = µ1−t which proves the result.
u
t
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This result shows that (T ? , S ? ) does indeed solve the UDT problem and is
in the null space of the CycleGAN loss. Moreover, in order to compute S ? , there
is no need to parametrize it nor to solve a difficult optimization problem. It is
only necessary to discretize the associated differential equation which is of the
same nature as the one for the forward mapping, meaning that the same scheme
can be used.

4

A Residual Instantiation from Dynamical OT

This section proposes an instantiation of our model which closely follows the
CycleGAN implementation and experiments are conducted to compare both on
the CelebA dataset.
4.1

Linking the Dynamical Formulation with CycleGAN

Fig. 3. Visualization of the hidden layers of CycleGAN when mapping the yellow gaussian distribution to the green one with different initializations: As shown by the colored
points representing samples under the histograms, when σ increases, the mapping goes
from a simple translation (Top) to a more complicated mapping (Bottom), thus inducing an increase in transport cost.

Let us show that CycleGAN corresponds to a specific implementation of our
dynamic formulation with the added transport minimization.
Discretization If vk corresponds to the residual for layer k of the residual block
defined by φxk = φxk−1 + vk (φxk−1 ), then, taking the continuous time limit, one recovers the differential equation ∂t φxt = vt (φxt ) [28] which appears as a constraint
in equation 3. Thus, if we discretize the forward equation in (3) using an Euler
numerical scheme, we recover the forward map in the CycleGAN architecture7 .
7

Other schemes could be used, which would lead to other architectures, and could
arguably be more suited for stability reasons but this is beyond the scope of this
work.
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In CycleGAN, the first boundary condition φ·0 = id is satisfied by construction, while the second (φ·1 )] α = β is enforced with the GAN loss.
Thus we recover CycleGAN as a particular implementation of this model
when there is no transport cost minimization. We actually construct our instantiation in a similar fashion in order to have meaningful comparisons: The
differential equations are discretized using an Euler scheme and boundary conditions are enforced using an iterative penalization of the GAN loss. More involved
schemes can be used here such as any suitable parametrized solver [7].
The fully discretized optimization problem is then the following:
K
X
X
min Cd (θ) =
kv θk(φxk )kpp
θ
k=1 x∈Dataα

s.t.

∀x, ∀k, φxk+1 = φxk + ∆t v θk(φxk ),

(5)

φ·0 = id, (φ·1 )] α = β
Let us also notice that using small initialization gains for the network (See 2.2)
tends to bias the kv θ ks to small values, linking latent trajectories of residual networks with minimal length ones as in Figure 3. It remains to be proven that this
fact is indeed stable after training via gradient descent and we consider this to
be an interesting problem to analyze in the future.
Enforcing boundary conditions The constraint (φ·1 )] α = β ensuring that input
domain α maps to the target domain β isn’t straightforward to implement. We do
so by optimizing an iterative Lagrangian relaxation associated to (5), introducing
a measure of discrepancy D between output and target domains:
1
min Cd (θ) + D((φ·1 )] α, β)
λi
θ

(6)

where the sequence of Lagrange multipliers (λi )i converges linearly to 0 during
optimization. At the limit, as the sequence of multipliers converges to 0, the
constraint is satisfied.
Each λi induces an optimization problem which is solved using stochastic
gradient based techniques. As in most approaches for UDT, D may be implemented using generative adversarial networks, or any other appropriate measure
of discrepancy between measures, such as kernel distances. Moreover, in order
to stabilize the adversarial training which enforces boundary conditions for both
our model and CycleGAN, we use an auto-encoder to a lower dimensional latent
space. This limits the sharpness of output images but produces consistent and reproducible results, thus allowing meaningful comparisons which is the objective
here.
Algorithm Training is done only for the forward equation and the reverse is
obtained by iterating yk−1 = yk − ∆t v θk (yk ), starting from a sample yK from β,
as Section 3.3 allows to. Algorithm 1 gives all necessary details of the procedure.
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Algorithm 1 Training Procedure
Input: Dataset of unpaired images (IA , IB ) sampled from (α, β),
initial coefficient λ0 , decay parameter d, initial parameters θ, minimal penalization

Pretrain Encoder E and decoder D
Make dataset of encodings (x = E(IA ), y = E(IB ))
for i = 1, . . . , M do
Randomly sample a mini-batch of x, y
Solve forward equation φxk+1 = φxk + ∆t v θk(φxk ) , starting from φx0 = x
Estimate loss L = Cd (θ) +
Compute gradient

dL
dθ

1
D((φ·1 )] α,
λi

β) on mini-batch

backpropagating through forward equation

Update θ in the steepest descent direction
λi+1 ← max(λi − d, )
end for
Output: Learned parameters θ.

Architectures. Implementation is performed via DCGAN and ResNet architectures as described below. For the Encoder, we use a standard DCGAN architecture8 , augmenting it with 2 self-attention layers, mapping the images to a fixed,
128 dimensional latent vector. For the Decoder, we use residual up-convolutions,
also augmented with 2 self-attention layers. We use 9 temporal steps, corresponding to as many residual blocks which consist of a linear layer, batch normalization, a non-linearity, and a final linear layer. The discrepancy D is implemented
using generative adversarial networks with the discriminator being a simple MLP
architecture of depth 3, consisting of linear layers with spectral normalization,
and LeakyReLU(p = 0.2).
Moreover, in the experiments below, our dataset is the CelebA dataset, resizing images to 128 × 128 pixels, without any additional transformation. The
initial coefficient is λ0 = 1, and the decay factor is set depending on the number
of total iterations M , so as to be  on the final iteration. Throughout all the
experiments, we use the Adam optimizer with β1 = 0.5 and β2 = 0.999.
4.2

A Typical UDT Task

Taking the CelebA dataset, we consider the male to female task where the objective is to change the gender of the input image while keeping other characteristics
of the image unchanged as much as possible.
Figure 4 illustrates how our model works for Male to Female translation (forward) and back (reverse) on the CelebA dataset, displaying intermediate images
as the input distribution gradually transforms into the target distribution. No
8

https://github.com/pytorch/examples/tree/master/dcgan
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Fig. 4. Male to Female translation (top) and the inverse (bottom). Intermediate images are the interpolations provided by the network’s intermediate layers. The reverse
mapping is not trained. Additional samples are available in the Appendix, D.

cycle-consistency is being explicitly enforced here and the reverse is
not directly parametrized nor trained but still performs well. The model
changes relevant high-level attributes when progressively aligning the distributions but doesn’t change non-relevant features (hair or skin color, background,...)
which is coherent to what is expected for an optimal map w.r.t. an attractive
cost function (here the squared Euclidean one). Additional samples are available in Section D of the Appendix. All the experiments conducted in this work
with our proposed OT framework have been implemented using this dynamical
formulation.
Figure 5 shows that for a low initialization gain, both our method and CycleGAN give satisfying and similar solutions. When changing the value of this
hyper-parameter, the CycleGAN mapping becomes unstable, producing outputs
very different from the inputs.
The non-uniqueness of the solution of CycleGAN’s optimization problem is
highlighted here by the multiple mappings found for different initializations. It
is also worth noting that, for CycleGAN, using a large σ made convergence of
the optimization harder. As already observed before, the chaotic behavior of
the CycleGAN model correlates with an increase in the transport cost of the
obtained mappings. This validates the L2 OT bias of CycleGAN, showing that
this model only works as an implicit OT mapping for a quadratic cost given a
certain architecture, initialized and trained in a certain way. For this example,
the prior induced by the quadratic transport cost is the right one and correctly
captures the geometry of the task, as one wants to preserve as much as possible

CycleGAN through the lens of (Dynamical) Optimal Transport
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Fig. 5. Each column associates one input image to its outputs for different models:
CycleGAN and our model with different initial gain parameters. We have ensured
convergence of all models to the same fit to the target distribution.

the characteristics of the input. By explicitly enforcing optimality w.r.t. the
quadratic cost, the model becomes robust to changes in the initialization as the
OT problem admits a unique solution for this cost.

4.3

Imbalanced CelebA Task

Here, we tackle the case of a corrupted dataset where structural bias is present
in the target domain, which can be an important use case of UDT when fairness
of the datasets is an issue [12]: samples from the target dataset are systematically
corrupted. We consider a subset of the CelebA dataset, where domains correspond, respectively, to female faces with black hair which are non-smiling for
α, and smiling for β. However, we only have access to biased samples from β,
where female faces have blond instead of black hair.
In Fig. 6, we report results with CycleGAN and our approach with the
quadratic cost: the hair color is modified along with the smile feature, and blackhaired non smiling faces are mapped to blond smiling ones as should be expected
from both. This highlights a particular case where CycleGAN’s implicit bias fails.
Using our presented formulation, we are able to solve this task by changing
the cost function: We use a a non-standard cost which is more suited to the

14
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Fig. 6. Results for Imbalanced CelebA Task. We wish to map faces that have the
Non-Smiling and Black Hair attributes to Smiling, Black-Hair faces, while only
accessing Smiling, Blond Hair faces for the target domain.

geometry of the problem:
c(x, y) = kH(x) − H(y)k22

(7)

where H(I) is a histogram function of the image I. More precisely, H is computed
as a soft histogram over the colors of the image of 20 bins, using a Gaussian
kernel with σ = 0.05 for the smoothing. This cost allows to take into account
the texture of the image, thus helping to find an OT map which preserves hair
color in this case and re-balances the dataset as needed.
This task is an example of a case where a simple cost may help achieve nontrivial results when appropriate information is injected into it. In other words,
by using prior knowledge on the corruption of the dataset, a cost function can
be tailored to correct it.
More generally, it is not difficult to prove that a cost can almost always be
designed to find the right solution for a given task between two distributions α
and β among the infinity of candidates in the kernel of CycleGAN’s loss. This
is shown in Section C of the Appendix.

5

Related Work

As discussed before, our work is motivated by the observations of works such as
[16, 4] which have linked well-behaved UDT models with a notion of simplicity
which we tried here to frame in a more rigorous and more useful formulation,
making it task dependant. Moreover, similarly to us, [16, 5] show that learning
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a one-sided mapping is possible but do not directly obtain the inverse mapping
as we do. Others have tried a hybrid approach between paired and unpaired
translation [26], which still doesn’t solve the problem of ill-posedness as there
generally still are infinitely many possible mappings. Also similar to us, [17]
uses a progressive interpolation. In the domain adaptation field, using Optimal
Transport to help a classifier extrapolate has been around for some years, e.g. [10,
11] use a transport cost to align two distributions. The task, although related,
is clearly different and so are the methods they develop. Finally, [21] also try
to regularize CycleGAN through OT but use barycenters from the optimal plan
obtained in the discrete, static setting in order to guide the mapping instead of
seeing it directly as an OT map (or as biased towards it), thus not explaining
why CycleGAN works in practice.

6

Discussion and Conclusion

We start by formalizing what should be expected of a UDT mapping, namely
that it should be conservative and regular. We then show empirically that CycleGAN works well when highly biased towards a particular form of conservation,
which is unexpected as this is not enforced explicitly during training. We believe
this is in particular due to gradient descent using residual architectures with
small initializations. A very interesting avenue for research would be to prove
this theoretically, potentially making use of recent developments in the implicit
regularization effect of gradient descent [19, 25, 2].
We believe the proposed OT formulation is particularly adapted to UDT and
allows us to leverage the plethora of theoretical and practical tools developed in
this community. Typically, we were able to guarantee not only the existence and
uniqueness of the solution, but also provide fine grained regularity results for the
solution map. Moreover, we have also adapted practical algorithms from OT and
have made analogies between residual networks and Dynamical OT which have
resulted in an improved UDT model which is more robust and can be useful in
settings where CycleGAN’s biases fail.
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From the Monge problem to Dynamical Optimal
Transport

Fig. 7. The Figure illustrates successive steps of the dynamic transportation of α to β
together with the notations used in the text. Each step could for example correspond
to a transformation performed by an elementary module of a ResNet.

Instead of directly pushing α to β in Rd , it is possible to view α and β
as points in a space of measures, and consider trajectories from α to β in this
abstract space. Thus, a way to transport the probability mass from α to β is a
curve between two points in this space. The curve corresponding to the optimal
mapping is then the shortest one, in other words it is the geodesic curve between
the two points.
More formally, let us introduce the Wasserstein metric space Wp (Rd ), i.e. the
space of absolutely continuous measures of Rd with finite p-th moment endowed
with the Wasserstein distance:
1

Wp (µ, ν) = min C(T ) p
T] µ=ν

when costs of the form c(x, y) = kx − ykpp are considered, for some integer p ≥ 2.
As Wp (Rd ) is a space of measures, α and β are seen as points of this space
of measures, and thus, any continuous path linking both distributions defines a
gradual transformation from α to β and a mapping transporting α to β.
The following result (from Theorem 5.27 of [24]) motivates the dynamical
formulation of OT:
Proposition 4 Wp is a geodesic space, meaning that, for any measures µ, ν ∈
Wp , there exists a geodesic curve (µt )t∈[0,1] between µ and ν.
Thus, according to this result, finding the optimal mapping between two
distributions amounts to finding a curve of minimal length in a certain abstract
measure space. However, it still does not provide much in the way of a practically
useful algorithm. The following theorem makes a formal link with fluid dynamics
and basically states that moving probability masses from one distribution to
another is the same as moving fluid densities from one configuration to another
under a certain velocity field [24]:
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Theorem 1. Given α and β absolutely continuous w.r.t. the Lebesgue measure
and (µt )t∈[0,1] the geodesic curve with µ0 = α and µ1 = β, we can associate a
vector field vt ∈ Lp (µt ) that solves the continuity equation9 :
∂t µt + ∇ · (µt vt ) = 0
with:
Wpp (α, β) =

Z
0

1

kvt kpLp (µt ) dt

In other words, the geodesic curve (µt )t∈[0,1] between both distributions,
together with the minimal energy velocity vector field v solve the continuity
equation. Moreover, its energy along this path is precisely equal to the Wasserstein distance Wpp (α, β). If this vector field of minimal energy v could be obtained, probability mass could be displaced according to the flow defined by the
continuity equation, and the geodesic curve could be retrieved. Thus, we can
reformulate the problem as a problem of optimal control, where v is the control
variate:
Z
1

min C dyn (v) =
v
s.t.

0

kvt kpLp (µt ) dt

(8)

∂t µt + ∇ · (µt vt ) = 0, µ0 = α, µ1 = β

It is worth noting that this approach not only gives a mapping between
the two distributions but it also gives the entire geodesic curve so that smooth
interpolations in Wp (Rd ) can be recovered.

B

Regularity of Optimal Transport Mappings

In this section, we recall some classical and more recent results of regularity
for Optimal Transport mappings. This is an intricate subject and the problem
had been open for some time after OT theory had been established. The most
important results have been established through the study of the Monge-Ampère
equation by Caffarelli then De Philippis and Figalli. Extensions for larger families
of costs were developed by Ma, Trudinger and Wang [22] but this is out of the
scope of this work.
In particular, Theorem 6.27 of [1] gives a classical almost-everywhere regularity result:
Theorem 2. If c(x, y) = kx−ykp for p > 1, and α and β have compact supports
with d(supp(α), supp(β)) > 0, then the Optimal Transport map T between α and
β is α − a.e. differentiable and its Jacobian ∇T (x) has non-negative eigenvalues
α − a.s.
More recently, results summarized below, which correspond to Theorems 4.23,
4.24 and Remark 4.25 of [14], state that the OT map has one degree of regularity
more than the initial transported density:
9

∂t is the partial derivative operator w.r.t. variable t, and ∇· the divergence operator
w.r.t. space.
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Theorem 3. Suppose there are X, Y , bounded open sets, such that the densities
of α and β are null in their respective complements and bounded away from zero
and infinity over them respectively.
Then, if Y is convex, there exists η > 0 such that the OT map T between α
and β is C 0,η over X.
If Y isn’t convex, there exists two relatively closed sets A, B in X, Y respectively such that T ∈ C 0,η (X \ A, Y \ B), where A and B are of null Lebesgue
measure.
Moreover, if the densities are in C k,η , then C 0,η can be replaced by C k+1,η
in the conclusions above. In particular, if the densities are smooth, then the
transport map is a diffeomorphism (between the reduced input and target domains
if the target support is not convex).

C

Finding the right cost

The following proposition shows that, under some technical assumptions, there
always exists a ground transport cost which finds the desired mapping:
Proposition 5 With the same notations as in the paper, suppose that a given
UDT task between α and β is solved by a mapping T .
Then, if we assume that T is a differentiable map with a Jacobian everywhere
invertible, there exists a cost function c such that the corresponding Monge problem yields T as its unique optimal transport map.
Proof. Suppose that T verifies the assumption. Let us define the following cost:
c(x, y) = kT (x) − yk22
In this case, c is differentiable w.r.t. its first variable by differentiability of T . For
x0 ∈ A, we then have that:
∀y, ∇x0 c(x0 , y) = 2 t (Jacx0 T )(T (x0 ) − y)
which is injective in y by invertibility of Jacx0 T . Thus c verifies the Twist condition
as defined in [24] and we can conclude about the existence and uniqueness of the OT
map of the corresponding Monge problem using Remark 1.24. of the same reference.
Moreover, for any transport map T 0 , we have that C(T 0 ) ≥ 0 and we also have that
C(T ) = 0 which shows that T is indeed the OT map for c by unicity of the optimum.
u
t

Note that the proof is not constructive. In practice, such a cost can handcrafted using knowledge about the task, as has been done in the Imbalanced
dataset experiment, or it could even be learned if some paired samples are available as a supervision (along with some additional assumptions on the desired
mapping for example).
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Additional Samples

Fig. 8. Male to Female, and Back.
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